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of the works mentioned above. There is, however, no mention
of the harmonic series.

Evidence of the use of infinite series in India is found in the
fifteenth century. The infinite series appear to have been obtained
in connection with the evaluation of the trigonometrical functions
and the computation of 7. Noteworthy achievements of the Hindu
mathematicians in this theory are the cxpansions of Sin x, Cos x,
and ‘I'an ~'x in powcers of ‘x, obtained long before they were

On the use of series in Hindu
mathematics

known in LEurope or anywhere clse.

No account of the use of series in Hindu mathematics has
been published by any previous writer and as such, I hope, the
present discussion will be found useful by the historian of

InTrRODUCTION.—The object of the present paper is to give
an account of the use of series in Hindu Mathematics. For
this purpose the Hindu literature, mathematical as well as non-
mathematical, has been examined. Particular instances of the
arithmetic and geometric series have been found to occur in
Vedic literature as early as 2000 B.C. From Jaina literature
it appears that the Hindus were in possession of the formulae
for the sum of the arithmetic and the geometric series as early
as the fourth century B.C., or earlier.

The earliest known Hindu work on mathematics available to
us is a mutilated copy of what is known as the Bakhshali Manuscript
which contains a work on Patiganita composed about 300 A.D. (1)
Amongst other works which contain an account of series may
be mentioned the Aryabhatiya (499 A.D.), the Brahma-sphuta-
Siddhanta (628 A.D.), the Trifatika (750 A.D.), the Gawita-sira-
sarigraha (850 A.D.), the Mahdasiddhanta (950 A.D.), the Lilavati
(1150 A.D.), the Ganita Kaumudi (1350 A.D.), etc. In all these
works series is treated as one of the fundamental operations:
(sredhi vyavahara), and a separate section is generally devoted
to the formulae and problems relating to series. In Europe too
series was looked upon as one of the fundamental operations (2),
evidently due to Hindu influence through the Arabs. Besides
the arithmetic and geometric series a number of other types
of series, e.g., the series of sums, the series of the squares o
cubes of the natural numbers, the arithmetico-geometric series
the series of polygonal or figurate numbers etc. occur in some

mathematics.

ORIGIN AND EARLY HISTORY.—Series of numbers developing
according to certain laws have attracted the attention of people
in all times and climes. The Egyptians are known to have used
the arithmetic series about 1550 B.C. (3) Arithmetic as well
as geometric series are found in the Vedic literature of the Hindus
(¢c. 2000 B.C.). In the Taittiriya Sawhita (4) we find the following
series :

(1) 1, 3, 5,.- 19, 29,... 99.

(i1) 2, 4, 6,... 20.

(i) 4, 8, 12,...

(1v) 10, 2o, 30,...

(V) 1, 3, 5, 33

In the Vajasaneyi Sanihita (5), we find the yugma (even) and
ayugma (odd) series :

(vi) 4, 8, 12, 16,... 48.

(vit) 1, 3, 5, 7,-.. 31.

The Paficavimsa Brahmana (6) has the following geometric
series :

(viii) 12, 24, 48, 90,... 196608, 393216.

Another geometric series occurs in the Digha Nikdya (7). Itis:

(3) In the Ahmes Papyrus. Cf. PEer, Rhind Papyrus, p. 78; Smith, Lc.
"(4) See vit. 2. 12-17; iv. 3. 10.

(5) See xvii. 24. 25.

(6) xviii. 3. Compare also Latyayana Srauta siitra, viii. 10. 1 et seq. Katydayana
Srauta sitra, xxii. 9. 1-6. ,

“(7) T. W. Ruvs Davips, Dialogues of the Buddha, 111, (1921), pp. 70-72.

(1) The manusccipt was edited and published by G. R. Kave, who assigns
a much later date to the work. KAYE’s conclusions are unreliable. See B. Datta
Bull. Cal. Math. Soc., Vol. XXI (1929), pp. 1-60. ‘

(2) See S»urtH, History of Mathematics, Vol. 11, p. 497.



608 A. N. SINGH
USE OF SERIES IN Hinpy MATHEMATICS 6og

'fI?}l;ea é::nt eorf n? ?Seréjl éz d{za'na (9) (literally, « any valued object ).
: ddi-dhana (* first term ), and ,

.term tsta-dhana (“ desired term ”). When the serics & Ot%‘e"
its last term is called antya-dhana (** last term ) Se‘;es N ﬁmte’
terx:n madhya-dhang (*“ middle term ). Often fan ltlhe o
abndgement, the second words of thege com’o Ordt e
'deletec.i, 80 that we have the terms adi, istq, nfz)d:/? a zzrcri]es .
;:r I::]f,’l)r (;))rlac’:’jls‘.kh Th:: ﬁrst”tcrm is.ulso called prab/-z):wa (““ 1:)’::1}:’1(1'
IV a (“ face .) and its Synonyms., The technical
: or the common difference ip an arithmetic serj

“azla to:) pracc?ya (from the root caya “to go,” hence n:::mare
o diaﬂer ey Wh’l(,‘}‘l the te’r’m goes,t’ that jg < increment ), uttais

nee, ™ " excess ), vrddp; (“ increment ") etc. The com

(ix) 10, 20, 40,... 8co0o0.
The Hindus must have obtained the formula for the sum

of an arithmetic series at a very early date, but when exactly
they did so can not be said with certainty. It is, however, definite
that in the fifth century B.C. they were in possessior of the formula
for the sum of the series of natural numbers; for in the
Brhaddevata (8) (500-400 B.C.) we have the result

2+4+3- 4+ ..+ 1000 = 500499. _
In the Kalpa-siitra of BHADRABAHU (c. 350 B.C.) we have the
sum of the following geometric series
I+ 2+ 44 ..+ 8192
given correctly as 16383, showing that the Hindus possessed
some method of finding the sum of the geometric series in the
fourth century B.C.

Kinps oF serizs.—It thus appears that the Hindus studied
the arithmetic and the geometric series at a very early date.
ARYABHATA I (499), BRaHMAGUPTA (628) and other posterior writers
considered also the cases of the sum of the sums, the squares
and the cubes of the natural numbers. MaHAvViRA (850) gave
a rule for the summation of an interesting arithmetico-geometric

anthmetlc‘ series by the specific name guna-sredhi. T

of terms in 2 series is known ag pada (“ step,” : “,u"?ber
num?er of steps in the Sequence "’} or gacc/;a }()‘" m'eam’?g e
s;lm 1s called sarva-dhang (*“ total of terms ), ﬁedhg(;llzz(lia (>“ r T};e
o r . i3} ’ - . . : k esu
o f;h(;gl;isrs;(;n l.S) Zr;iliz; f:n;)ta (or sxmpl).f gamita, because the sumt
in short samkalita, “ sym ofyth(;msneli;:sat’l’;n)’ redisarkalit or
a 'It‘l}]lz 11;00\:;1 m;;tlzned tec'hnical terxps oceur commonly jn almost
Bak',uhdli»treaﬁsen(:‘ t;zz;xs(e; ;:r :nthr;;etic, from the so calleq
‘ > (e S. But in the i
ali?}s, z‘lﬂlionl:ee:i) dfe:gnated by varga, meaning group.I’E:ttg;cassfi:(r)lr‘lef
Ly we i Cont‘th the. terms pankt; (10) and dhgrg (11) which
oo 1_nuous' line or s'eries.” NirAvana has used th
p ¢rm dya (literally, “ income ") for a sum of natura;

series, viz.,

n

2

1 .
where ¢; = a and ¢, = Ttmy £ b (m > 2); and NARAYANA
(1356) considered the summation of the figurate numbers of

higher orders. _
TecanicAL TERMS.—The Sanskrit term for a series is Sredhi

meaning literally ** progression,” * any set or succession of distinct
things,” or $reni (or éreni), literally * line,” “* row,” “ series”
or “succession ”; hence in relation to mathematics it implies .
" a series or progression of numbers.” Thus it is clear that the
modern terms progression and series are analogous to the Hindu
terms, and they seem to have been adopted in the West under
Hindu influence, in preference to the Greek term  éxfeois

(ekthesis) which literally means a setting forth.. The Sanskrit name -

(3) Brhaddevata edited in original Sanskrit with English translation by o (10) S r{
MacponeLr, Harvard, (1904). ¢ chapter xiii of the Ganita Kaumyg;
(11) For instance, see the Triloka-sgra of 4 IJE'SLIE;D«:; I?AMYA)I:M.
€. 975).
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tion is indicated by the terms ripond karanena (** by the operation
riipond etc.”’) throughout the work. In the statement of the
solution of problems, the first term, the common difference and
the number of terms are written together and the resulting sum
after these, as follows :

(14 a—

190

ripond karanena phalam }
1

In the above a stands for adi (“first term »), u for utiara
(* common difference »") and pa for pada (““ number of terms 7).
The above quotation may be translated thus (12) :

« The first term is 1/1, the common difference is 1/1 and the
number of terms is 19/1,
sum is 190/1.”

Arvapuata I (499) states the formula (13) for finding the:
middle term, the rth term and the sum of any desired number
of terms as follows : :

« The desired number of terms minus
by the common difference when added to the initial term gives-
the middle term. The number of terms that precede any desired’
term (f.e, 7 — 1, if the rth term is desired) multiplied by the

common difference and being added to the first term gives (the

desired term). The middle term multiplied by the number of
terms, or the sum of the first and last terms multiplied by half:
the number of terms gives the sum of the desired number of:

terms.”

Let
a, + as + az '1“ + ar + Ay + + Ayt + Qntr "l’ o

(32) Note how the denominator 1 is written in the case of all the integral

quantities. ‘'This is to show that the quantities involved may have fractional

values also.
(x3) 4, ii. 19. The translation given here differs from that given by CLARK,

(dryabhatiya, Chicago, 1930, p. 35). The manuscript of the Aryabhatiya with
the commentary of BuAskara I 522), in our possession gives the reading samukham
madhyam in the place of samukhamadhyam in Kern’s edition. BHASKARA
remarks, ¢ atra bahini strani » je., “this contains several rules.” The
commentators SURYADEVA and PARAMESVARA also make the same remark. They
all agree with the interpretation given here. ;

therefore, performing ripona etc., the

one, halved and multiplied -
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be a series in A. P
. P., and let the common di
‘ iffer i
be . Then taking any n terms, say enee of the series
¥

' a + a1y + .+ Ay nys
the rule given above states :

(i) middle term = { e
= a — —
.+ 2b}hM(say)
(i) nth term = {a + (n—1)b }
(1) Sum of the desired number of terms = M.n
a, + ar-f—n—l

. 2
BraHMAGUPTA (14) says :

“'The last term is equal to the number of
Th terms mi
;;::t;iil;d b%htehe .(i;)(;?mon di.fference, (and then) adcllr:dmfcf) (;2:
i termg_' o mm11t~ 16-: term is half the sum of the first and the
BRAHMA,GUPTA’S l;egl:daiyt;};e et Ef ot R
- b S same as those of A 3
%;?;:a}}; A;;at;nengs OCCILII' in the works of SRiDR:I(AA:: A?:s;'
o e 1 t }EI ) BHASKA.RA IT (17) and others. MAHZ\ViR}:
. e common difference may be a positi i
oty (15 positive or negative
The particular case

7

Z ST (n+ 1)
- . 1 2
15 mentioned in all the Hindu works (19)

ORDINARY PROBLEMS IN

A. P.—The probl i
: ; problems of find
(1) the common difference, (2) any desired term and o the
umt?er of terms are common to all Hindu work (©) e
first in the Bakhshali Manuscript (20). )

it
the number of terms requires

They occur
The problem of finding

the solution of a quadratic

(18) GSS, p- 102,

(Ig) It i1s sometimes mentioned in connection wi addltlol), 4s 1n SRIDHARA S
i ith s

> . . - . 2 =

]"Jatlka and the (}'m_tzta-sma-mmgra a of I\‘IAHAVIRA

20) See p. 25 &
. p- 35, problem 9: and
lns problem is incorrectly printed. nd p. 36 problem 10. The solution of
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of the common ratio, taken as many time

o © S as the number o

- tghis gun;:d;::m?e vg;;tlnad/u{na.. ‘And it has to pe understof)ctiel:frllast’

diVided_by e ,CO en d1m.mxshed by the first term and thep
¢ ped by th mmon. ratio lessened by one, become

Of the series in geometric progression ” (2r)

by him in the following alternative

equation (21). Some indeterminate problems in which more than
one of the above quantities are missing also occur in the Bakhshali
Manuscript, the Ganita-sara-samgraha ot MaHAVIRA and the
Ganita Kaumudi of NARAYANA. A typical example of such
problems is the finding out of an arithmetic series that will have
a given sum and a given number of terms (22).

As illustrations of some other types of Hindu problems on
arithmetical progression may be mentioned the following :

(1) There were number a of utpala flowers representable as
the sum of a series in arithmetical progression, whereof 2 is the
first term and 3 the common difference. A number of women
divided these flowers equally among themselves. Each woman
had 8 for her share. How many were the women and how many
the flowers (23)? :

(2) A person travels with velocities beginning with 4 and
increasing successively by the common difference 8. Again, a
second person travels with velocities beginning with 10 and
increasing successively by the common difference 2. When do
they meet (24)?

(3) The continued product of the first term, the number of
terms and the common difference is 12. If the sum of the series
is 10, find it (23).

(4) A man starts with a certain velocity and a certain acceleration
per day. After 8 days another man follows him with a different-
velocity and an acceleration of 2z per day. They meet twice .
on the way. After how many days do these meetings occur (26)2 .

s the sum

the result is odd subtract o
when unity is sub

(when otherwise, Z.e., when the
of this operation is diminished b
the first term and (is then) divid
by one, it becomes the sum of

Y one and is thep multiplied by
ed by the commop ratio lessened
the series (28).
dr ’d-le common ratio, the first
This process of finding the
y Pincara (29) (c. 200 B.C)
rule then gives
g_ @ (" — 1)
The above formula for the sum i
AR'YABHATA II (31) and Buis
which 2Ppears to be the tradig
ManAvira has given rules for finding the

latlo ()4 t}le ]lullleI 01 telllls, one o these belllg UJ)k-"-o
f .

GEOMETRIC sEriEs.—MAHAVIRA gives the formula th
€ others as wel] as the sum being given (33)

o " 1) As illustrationg of probl
_al"—1) ) roblems o 1
— : mentioned. the foHowing : " Beometric series Ay be

2 golden coins ip a

for the sum of a geometric series whose first term is @ and common
ty, earning everywhe

ratio 7. He says :
“ The first term when multiplied by the continued product

certain city, ,
re three times

. ((27) GSS, ii. 93.

28) GSS, ii. 94, also vi. i
the common ratio is fractiot;zafl.l%, where the rule * #pplied to the case in which
(29) Chandap, satra, Calcutta, 18 2
(30) BrSp.s;, pP. 186 Com. S
(31) MSi, p. 150,
(32} L, p. 31.
(33) GSS, ii. 97-103.

(21) Such problems occur in the Bakhshali Manuscript also.
(22) For some indeterminate problems see COLEBROOKE, p. 293.
(23) GSS, vi. 295.

(24) GSS, vi. 3234

(25) GK, sredhi vyavahara, ex. under rule 6.

(26} Ibid., ex. under rule 9.

Viii. 20 fT,
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Z (a +r— 10)2 =
1

of what he earned immediately before. Say, how much he will

make on the eighth day (34)? ,
(2) When the first term is 3, the number of terms 6 and the

sum is 4095, what is the value of the common ratio (35)?

(3) The common ratio is 6, the number of terms is 5, and the
sum is 3110. What is the first term here (36)?

(4) How many terms are there in a geometric series whose
first term is 3, the common ratio is 3 and the sum is

22888183593 (37)7

SERIES OF SQUARES.—The series whose terms are the squares
of the natural numbers, seems to have attracted attention at a
fairly early date in India. The formula ‘

2":- . n(n+ 1) (2n 4 1)
= 6
occurs in the Aryabhatiya (38) (499), where it is stated in the
following form : ,
“ The sixth part of the product of the three quantities consisting
of the number of terms, the number of terms plus one and twice
the number of terms plus one, is the sum of the squares.” This
formula occurs in all the known Hindu works (39).
MAaHAVIRA gives the sum of a series whose terms are the squares
of the terms of a given arithmetic series. ‘
Let

a+(a+b)—}—...+(a+r——1b)+...+(a+n——1bj

be an arithmetic series. Then according to him

a2+(a+b)2+...+(a+r-——1b)2.+...+(a—l—n—1b)3,
= n[{—z—-’:—l—bz—i—abl(n———l)-l—az]. |
6 J

NARAYANA (40) gives the above result in the following form :

" 615

a S

S Z{a+2(r~1)b}+bzzxr2.
ERIES OF CUBEs.—ZiRYABHATA I state ‘

sum of the serj
as follows : 1es formed by the cube

“ The square of the
the cubes ” (41).

s the formula giving the
s of the naturaj numbers

sum of the orjgi
original serjes i
al series is the g
um of

Thus according to him

k
S0 L\ (n(n -+ 2
. 1 o Z ! - {‘ I)
: )
The ab A .

— Wzyehformula occurs in all the Hindu work
Of : IC. the terms of the series are th e
4 given arithmetic cated o

seri
L 1es, has been treated by Ma

The general R
of the terms
HAVIRA (42).

- di term i
difference 5, M 1s a and the common

Then according to MaHAviga

7

Z(a+rr;b)3: b-SZiSa(aNb)
according as ¢ > or < b

Nirdvana (43)

has also gj
: iven
form as Mauaviga. & the above result ;

2 the same
SERIES OF SUMS.—Let

N, =
, the series R I S

’

(34) GSS, ii. 6. f the series of
(35) GSS, ii. 102 first half.
(36) GSS, ii. 102 second half. i
(37) GSS, ii. 105 last part. , T
(8) 4, p- 39 (1) 4, p. 39
(39) Except the Tyifatika. ‘The rule along with many others must have bee (42) GSS, vi ’

given in SRIDHARA's bigger work of which the Trisatika is an abridgment. - 303
(40) GK, éredhi vyavahdra, 174 and the first half of 18.

. . » 2, 3,... terms
ork P . 1s i :
s (44), beginning with that of ARYA%:IZ;:A IIH al}i the Hindu
: y Who Says :
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“In the case of an wupaciti which has one for the first term
and one for the common difference between, the terms, the product
of three terms having the number of terms (n) for the first term
and one for the common difference, divided by six is the citighana.
Or the cube of the number of terms plus one, minus the cube
root of the cube (45), divided by six ” (46).

The above rule states that

n . n (Tl _" I) (n+ 2)
$a=m0
_ e+’ —@+)
6

or

The sum of the series » N, has been called by ARYABHATA

citighana which means the “ solid content of a pile in the shape of
a pyramid on a triangular base.” 'The pyramid is constructed
as follows :

Form a triangle with > 7 things arranged as below :

B I N

. . . . - + -

Total = n(n -+ 1)/2.

| Lieng ¢

Form a similar triangle with > 7 things and place it on top of .
I

n—

2
the first, then form another such trianlge with > 7 things and

I i
place it on top of the first two. Proceed as above till there is
one thing at the top. The figure obtained in this manner will :

be a pyramid of layers such that the base layer consists of >r
b I

(45) This means {(n + 1)’ }é = (n + 1). Recourse is taken to this form

of expression for the sake of metrical convenience.
(46) A4, p. 39.
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things, the next higher layer consists of uz—l thi
7 things, a
The number of thi i i ¢ e on
Ings 1n the solid pyramid
citighana = i N,
I
where S
N, = Z .
The basc of the pyramid is callcd upaciti, so that
upacitt = Z" m.
m=p
The above citighana is the series of figurate numbers Th
. e

. The subject of
BIVEN great prominence in
tamn a section dealing with
of surprise if the geometrical
traced to Hindu sources,

tf.lf': ‘I‘-Iifldu works, all of which con
ati (“piles”). It will not be a matter
Tepresentation of figurate numbers is

ManAvira’s SERIES.—MAHAViRA (8
of sums in the following manner :

Letal—l—a2+a3—f—..4+a

be a series in arithmetical

50) has generalized the series

progression, the first term being «
1

B, so that a,
WINg series

rin m=<1r
2 m),
r=7jx m=1

and the common difference

MAHAvVIRA considers the follo = oy + 77 B).

and gives its sum as

;H(L;i)ﬁ+ g o ,«3} =0t )] ()

N:KRAYAI}IA gives the a

bove i
b result in another form. According

2(27) = (B3 S0y nEnr8S (Sm).

(47) GSS, vi 305-305%.
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r Of teImS
H

Thus according to the above,
itten in "the form

o ; It may be wri

INARAYANA's resu

of the jterated series, and m the ord

€r, we get the following sequence
sz of numbers
" — (N —Nal)N1x—1+nN°‘l+ﬂZZNr in+1, e u

ZINO‘T - a+f _l»_ I) n (n o I) I L4 2 3 3 ’ m + I

(o HA B (e + ;

{ oy 1 — > 2 The sum of the series 1s the continued product of the above

= 2 . sequence, 7.¢.,
ﬁ a (o, + 1) (n—2)(n—1)-n E
e T W

+

n n(n+ 1) (n+2) .., (n + m)
6 Vin = I . 2 3 (m + n)

hich can be easily reduced to MaHAVirRA’s form. he sum Putting m — o, 5 3. We get

whic . lae for the su
ARAYANA has given formu . n nn -1
NARAYANA’S SERIES'-—NAI;ZYIf?rmed fuccessively by taking the nV1 = Z roo= ot ),
jes whose terms a i . er : 1 I. 2

of e s of other series in the foll(.’wmg .mann.es of natural n n(n+ 1) (n 2)
partial sum V. denote the arithmetic seri "V, = Z rvl - ,

Let the symbol "V, ) - : L2, 3

up to n terms; Le., let p
numbers up Vi idtadad o dn Vo= Sy o 2D (o) (g g
"Vy = . ial sums 3= 2:‘\7“\ )
the series formed by taking the partia , ' o3 g
Let »V, fienOte Then and so on
of the series "V,. n v NArAvana (1350) has made use of the numbers of the vara-
V= ZI 1 samkalita in the theory of combinations, ip chapter XIIT of his

o et work, the Ganitq Kaumudi, The series discussed above are the

Similarly, le A i v series of figurate numbers.  They seem to have been first studied
V= = 2 in the West by PascaL (1665).
N i Vs GENERALIZATION.;NARAYANA h

as considered the more general

series obtained in the same w above from given arithmetical

» ira-samkalita
ies "V, has been called by NARAYANA m—?arci) ;‘(;:)7; -
e i m”) meaning therby that the operatﬁwn orme
¢ m—order'-serlies taking the partial sums of a previous st}:lr e
beon 1 S‘::;zd Zz timehQg The number m may be called the
" been rep imes.
ara) of the series. : )
(W;A;AYANA states the sum "V, as f?llow;ith the pada (n
“ The terms of the sequence begmmi;gn vith the padé (umbervdm
of terms, i.e. n) and increasin.g by one take r;tors e order (%
ne times are successively thf: numer , oy one.
p}utsh: sequence beginning with unity and increasing
o

ay as

o "Sy.. ™S, as follows :

n
7, — T
;i S, — Zl S,,
. ct o r=
. continued produ
: nominators. The . series z
respectively ‘the <t1;3 vara-sarkalita (* sum of the 1teratedr - s, Z s,
- e . N
(fractions) gives ’1
of a given order ).
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NARAYANA states the forr

“The sum of the iter
s
is put down at two places.

from the natural numb

order as increased by u
of terms as diminished::
these multipliers). Th
multiplied respectivel
added together give the
Suppose it to be req

(number of terms) and m i

_ Let, as before, "V, de
derived from the seriq

-0y, at two place d
-—’ﬁj——{— as directed, wé .'t“l L and so on.
n—1 m1 1;‘{(0‘1—}-,8)—{- ...... +(a1+n—1,8)t
" §1+”_’ﬁ},
Multiplying the first c‘e’:"mlg“‘ 2 .
by these two respectivelff‘ mH‘fT r+ B Z L(rz—x)
S, = oy L 4 B,
Rationale. 'The abo\wgr 15,:. V. +B i iy,
by NARAYANA as follow‘fsli : :j!“:l‘:\‘kn.z + B (n-1){73

" |
S =S, =a
1 r
1

:““‘la for the sum of the series thus :
| | series of the given order derived
| (ual to the given number minus one,
* These become the multipliers. The
! ‘being divided by the given number
ity is a multiplier of the first (of
. term and the common difference
Yie two quantities and (the results)
S, ired sum of the iterated series.” _
" to find "S,, where n is the pada
+,..2e vdra (order) of the iterated series.

.?a:f,lil,'.‘r-i:he iterated series of the rth order
; Then, taking

ecn natural numbers.

‘multiplying the first of these by

and VYV .

" a;, and the common difference, B,

d eﬂ_I‘ (n—1)y7 + ﬂ (n=lyy
oft T :
\l“‘mula has been evidently obtained

and so on.

produced during twent
Solution :

(i) The number of calves
the cow is 20.

under consideration (19
the total number of calves of the g

.(iii) The first calf of the eldest cow
(ii) produces during the period under
= 14 calves; the second calf of the s
The total progen
t}'xe group of 17 in (ii) if (Ii —i g(;f —lt—hel
Similarly the total progeny of the grou
he group of 15 in (ii) is 12V,
of the third generation is
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n N n
Sm == al 1 l ﬁ (n—l)‘ ,m

m
But "V, = I (n-lyys
n—1 m
m-1
S
= (n-1) (n—1
m n— 1 Vm + ﬂ )Vm.

y Years by one COW.”

produced during twenty years by

g 2 cow produces during the period
— 3) = 16 calves, and so on.
econd generation is
7

Y —

1

v

(of the group of 17) in
consideration (17 — 3)
ame group produces 13 calves,
second generation) of
12 44 a) = 1y,
p of 16 in (ii) is 13V,, of
»and so on. Thus the total progeny

Simi
imilarly the total progeny of the fourth generation is

(uz-;)’_v2 _ 311\;;

I
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The total number of cows and calves at the end of 20 years is
20+ UV, R MY, LBV, 48V, LSV 4oV

17.18  14.15.16  II1.12.13.I 8.9.10.11.12

7 415 + 3.14 + 9 '

1.2 1.2.3 1.2.3.4 1.2.3.4.5

5.6.7.8.9.10 2.3.4.5.6.7.8

1.2.3.4.5.0 1.2.3.4.5.6.7

1 -+ 20 4- 153 + 560 4 1001 -+ 792 + 210 -} 8

= 1+ 20+

= 2745.

After giving the solution of the problem NARAYANA remarks :
“ An alternative method of solution is by means of the Meru
used in the theory of combinations in connection with (the

calculations regarding) metre. This I have given later on.”

MisceLLaneoUs RESULTS.—The following results have been given
by SripHARA, MAHAVIRA and NARAYANA:
(1) (48) W* = 1+ 3 -+ 5 + ... to n terms,

(2) (49) n° = Z {3r (r—1) 4+ x}

@  =33re—n+n
(3) (50) #® = n+ 37 + §n -} ... to n terms,
(4) (s1) n® = n2 (n—1) + i (2r — 1),

(5) (52) {(n+3)€;—+x} (n® + n) = $,+Z",z+

1

(6) (53) 27+ n* = 2 {z+3(r——r)}
(7 zn:r—l-n3 é:{(n—;-l)—}—(zn—l—i) (r—x)}

¥

-

I

n 11
1

(48) Tris, p. 5; GSS, ii. 29; GK, i. 18.

(49) T7is, p. 6; GSS, ii. 45; GK, i. 22.

(50) GSS, ii. 44; GK, sredhi-vvavahara, 10-11.
(51) Ibid.

(52) GSS, vii. 300}.
(53) (6), (7) and (8) follow from a rule given by NARAYANA, GK, lLe. 11
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gt [
(3) + Z i(ﬂ+l)+2(n+1)(r_~l)}

S
CICE R ).
i T _a»}—(ar:);m)—f—{(ar:}:m)rim}
-+ [{(ar:t m)r o m} 7 +- m] + ... to 7 terms
where S = 4 + ar'+ ar? - ton terms.

BiNomiaL spRrygg The
— development of (4 n i
::Slzej of n has been known in India from vg:rytar?; tfl:]r mte%ral
. es.
e = zc was %nown Fo the authors of the Sulba Szitrass ( w
-C.). The series formed by the binomia] coefficie Itsoo
nts

Manavira (s56) (8 P _—
iy ) (850), RTHUDAKASVAMI (57) (860) and all Jater

Pascar TRIA — W wn
NGLE.—The so-called p i
o o ' ¢d PASCAL triangle was kn
who explained the method of formatjon of the triax(: 1
gle

in short aphorisms (g T
i shoy phorisms (sitra). ‘These aphorisms have bee i
Y the commentator HALAYUDHA thys - " plained

of it. Below them, in the g3
otlion °m, me way, draw three g uares;
b themprg);;i,nand SO on up t? 4S many rows ag zcllrel d:s:irgziel.l
down 1 o e zlry Tepresentation of the Meru. Then puttin .
the et e uas square,'the figuring shoyld be started If
cacs o o, Xge n:zs pPut 1 in eac}.x. In the third row putll in
o o on squaltes, and in the middle square put th
two numbers in the tyyq Squares of th i row,

(s4) GSs, vi. 314.
(55) Prxicara Chand, 77

, ah St -
- GSS, P o utra, viii. 23-27.
(57) BrSpSi, xii. 17 commentary,
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down of numbers in the other rows should be carried on in the
same way. Now the numbers in the second row of squares show
the monosyllabic forms : there are two forms each consisting
of one long and one short syllable. The numbers in the third
row give the disyllabic forms : in one form all syllables are
long, in two forms one syllable is short (and the other long),
and in one all syllables are short. In this row of the squares we
get the number of variations of the even verse. The numbers
in the fourth row of squares represent trisyllabic forms. There
one form has all syllables long, three have one syllable short,
three have two short syllables, and one has all syllables short.
And so on in the fifth and succeeding rows; the figure in the
first square gives the number of forms with all syllables long,
that in the last all syllables short, and the figures in the successive
intermediate squares represent the number of forms with one,
two, etc. short syllables.”

Thus according to the above, the number of variations of
a metre containing n syllables will be obtained from the

representation of the AMeru as follows :

by the ¢ )
1d of > .
first half : the fourteenty, century.  Somer: :
1lf of the fiftecenth century the - PD0metime durmg the

as GREGORy’s series.

made for the calculatior Seems to haye been

f » 1 y.
1 O ke a]l(l n astl()]l()lll I&S tlle WOIkS

, 1t.1s .not possible tq trace the
Series in Indja

and divide by the cosine (kotijya). Th

I\imﬁ; of B gotiven is the § . € resul
. € first quotient. The esult thus obtained
Square of the (giv . N operating agamn and agam with
cosin \8Iven) sine as the multiplier apq " the
. . ] o as the divisor, obtain from the first the square of the
ivi : uot
reape czixle Successive quotients by the od?i nulfrllll:emher Juotients
2 I 2 I the odd oy - Now subtract the €ven order of e B 5 eec,
3 That js Xies. The remainder is the arc rf:quiredq’l’w(t I(;I)lts om
i 3 3 I O say, if » dcnote th : 5
it and ¢ ¢ radius of 3
4 I 6 4 I the angle subtended at the centre by :lllgt:le’ y allll e
4 ) arc, then
=g 7Sng r. Sin’% 7.-Sin% si ;0
7om
5 1 | 5 10 |10]| 5 |1 TCos0 3 Cos’y 5.Cos%f 5.Cos’d T
The serjeg s
is cony
6 v |6 |5 |20 |5 |6 . ergentlfsm0<cos0 Le., 8 < B
o, —. But
» the serieg jg divergent anq g, the ru]
M. ta If in th L appears to fail
(Meru prastara) at case, howeyer we take sip P
T YJasgivep instead

From the above it is clear that PINcaLA knew the result
rule, we get the serieg

8) The occurren
. ce of thjs series j
pointed oyt J, In the ZTanty, mg
Y Whisy, Trans. Raoyal Asigr, S:o‘:: Ir;zlh‘; !;y Namayriry Wwas
” 1335).

"Co + "Cy 4 "Cy + ... + "C,_, + °C, = 2n. (s
S st
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the former. B ;

- But rightly speak; .

ng the .

to TALAKULATTURZ NamBuriri ¢ sertes should pe credited
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¥ir

7 Sin (—W — 6’) 7 Sin® (zr— — 9) 7 Sin® (1 — 9)
2 2 2
T == - - ave
7
i 1. Cos (1 — 0) 3.Cos® (I __g) 5.Cos® (___ __9)
2 2 z

] 3 5
rir r Cos 8 r Cos™0 r Cos”8 INE AND cosIiN
— o = — — discover . E OF AN ARrc.—T} i
or o Sin g Sin® + Sinta covered series for the sine and coci ¢ Hindus
2 1. D1n 3. 010 5. 91 of it cosine of an apg]
L . ro $ cireular measure,  Fop example. P gle m powers
which is convergent. Knowing the value of — — «, we can “In the series of . plc, Patnumana writes -
2 : quotients  obtained by diViding
an arc of

easily calculate the value of «. Thus the rule gives the desired a circle severally by o, 3

n ‘
result even in case § > -, Hence the author remarks:

4 the even P

“ Of the arc and its complement, take the sine of the smaller the odd O;erms of the Sequence so obtained after the ut down

as given (ista); then performing repeatedly the operations The rernamfis after the radius, and subtract the aherna:;rc and
. L . ! e

(described), one obtains a similar result.’ arc” (61) rs will Tespectively be the sine and cosine ofo:: >

at

The above series is stated also by PATHUMANA SOMAYAJT (1733)
and SANEARAVARMANA (¢. 1700?). The former writes :

“ Find the first quotient by dividing by the cosine the given
sine as multiplied by the radius. Then get the other quotients
by multiplying the’ first and those successively resulting by the
square of the sine and dividing them in the same way by the
square of the cosine. Now dividing these quotients respectively
by 1, 3, 5, etc., subtract the sum of even ones (in the series) from

angle 6 at the centre, P
we get the series of quotients

L A
2-7’3],47’57 . . . . . (A)

Th C . )
en, multlplymg as directed we get the foHowing seq
uence

the sum of the odd ones. Thus the sine will become the arc " (59). 04: ol ot
. _ 2.7 2.3.72 ’m,. - e, (B)

SANKARAVARMANA says : :
*“ Divide the product of the radius and the sine by the cosine,
Divide this quotient and others resulting successively from it
on. repeated multiplication by the square of the sine and division °
by the square of the cosine, by 1, 3, 5, etc., respectively. Then
subtract the sum of the even quotients (in the series) from the
sum of the odd ones. The remainder is the arc (required) ” (60)
Introducing the modern tangent function, the above series can

be written as

Putg
g down even terms of (B) after the arc («), we have

3 —_—

Ar A

41r 6!r - D
Then in (C i

(C) subtracting alternate terms we get

I 1
6 = tan 0 — — tan® 0 + — tan®f —...

p ) o? 5
. . ; ﬁ ao =y Sln 0 = e + ¢4
The series was rediscovered by JAMES GREGORY in 1671 and 3lr2 P

. . i 65
ofr Sinf = ¢
(59) Karanapaddhati (MS.), vi. 18.

: 1 !
(60) Sadratnamala (MS.), iv. 11, T 3 5

= (61) Karanapadd]mti, vi. 12 f,
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Similarly from (D) we have

2 a«l 6

24
Kotijyd o = r Cos 0 = r — " + e T + .-
92 6* 6°
or Cos 0 = T— -‘—#— a_{_

i

. L Lilavati, edited by S. Dvivepi, Benares (reprint),

These series appear also in the works of SANKARAVARMANA (62).

LisT OF ABBREVIATIONS

y:i Aryabhatiya, edited by H. Kern, Leiden, 1874.

BrSpSt Brédhma-sphuta Siddhanta, edited by S. Dvivep],
Benares, 1g02.

CoLEBROOKE Algebra with arithmetic and mensuration from the
Sanscrit of Brahmegupta and Bhascara, London,

1817.
GK Gawita Kaumudi (unpublished) of NARAYANA.
GSS Ganita-sara-samgraha, edited by M. RANGACARYA,

Madras, 1912.

1912,
MSt Mahasiddhanta, edited by S. Dvivepl, Benares,

1910. ,
Tris Trisatikd, edited by S. DvIvep1, Benares, 1899.
( University, Lucknow.) A. N. SINGH.

(62) Sadratnamald, iv. s
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