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ch'ha each!ree depends on'he esof a
{ion for all ! rees in' he fores/ . The generah dion
s becomes large. The generali a ion
e indl1d al {rees in 'he fores' and he corre-
res (o splil each node ields error rd es |hd compare
chme Learning: Pmceedmg? of the Thir teenth Interna-

L ; sisiisiecg : _ e~ 8 ikt T CITOT,
’ ’ onabniiting iitiimtiie P he response ! o increasing 'he 1 mber of fea res sed in
'he spli!ing. In' ernal es ima' es are also re  ariable impor ance. These ideas are also applicable o

'

regression.
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1. Random forests

1.1. Introduction

¢ ha er I ed from gre ¢ ing an ensemble

of { rees and l¢! 1ng‘ hem d e for'he mo lar class. In order | o grQ v ' hese ensembles,

of en random _ed ors are generd ed (ha go e {he grQ i'h of each | ree in 'he ensemble.

ﬂk e ample is bagging (Breiman, 1996),1 vhere! o gray each!ree a random selec ion
1 { replacemen ) is made from ' he e amples in!he ! raining se .

And here ample is random spli selec ion (Diell erich, 1998) ¢ here a each node! he spli

— ‘an‘ he K bes' spli's. Breiman (1999) genera es ne | raining

s¢s b randomi ing e {sin'he 0r1g1na1 {raining se/. Ano her approach is (o seled

. e amples in! he! raining se/ . Ho (1998)

~'he random's bspace me hodyhich does a random

se!o gray each!ree.
charac er recognﬂ ion, Ami' and Geman (1997) dekne
— - ; gT 2 random Seled ion of { hese for | he

[Lrih hé same
sing | he | raining se/ and Gy, ling in a classiker
ed or. For ins ance, in bagging | he random Led or ® is
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i ing from N dar s'hreyn d random a (he bo es,
seled ion © consis' s of
re and dimensionali

‘hese proce res random forests.
P —

Definition 1.1. A rantOMTOTESTsrclassitorconvimsimmmniimaiumaam ¢ d

random  ec ors and each'ree cas'sa ni o e for 'he mos pop lar class a P

7 7

1.2, Outline of paper
P—

W es some | heore 1ca| Eac!g! nd for random fores's. Use of | he S'rong La«
arge

0 mbers shays'hd (he alva s con erge 50 | ha o ert!ling is no a problem.
— " " " and e ended = ersion of 'he Ami ahd Geman (1997) anal sis
Mrandom fores' depends on 'he srengh of {he indi_i-
al lree classikers and a meas re of (he dependence belveen 'hem (see Sec ion 2 for

res @ each node ‘o
An 1mpo am ' es ion is h(iu man Tea res'oselec @ each node. For
“““ g g generali d ion error, classm ers reng‘ h and dependence

o e g ion
e LIS ses
ses random linear combina ions of

es seled ed ! o splil each node.

s. Toe plore! his and reld e

PRy p—~—— - J a oo - — Sea o o 7.

amaay s and grQ ¢ sanensemble of rees D ccesn ergyeigh -

mla epend on‘ he pas* his or of'he ensemble

) g " gl e a good imi a ion
la' ing a random fores' .

L sands i h each
ee classiker ¢ ill (hen ha e
{ combining ' rees gre" n
e impro ed acC rac . In Sed ion 9uye e perimen on a
— Sttt tatess ,000 1np arlables 1,000 e amples in'he! raining se and a 4,000
g comparable‘ o‘ he Ba esraeis achle ed.
. of | he fandom fores sblack bo

omp |ing inernal es ima es of arlable
impor' ance and binding | hese 'oge' her b 1€ seT ns. !

1
1) TTOUCrOS
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di 1d all!rees in
L

t-ared error of | he

ding remarks are

Ind1 1d al'rees. Empirical 165 I's for regresnon are in Sed ion
g1 én in Sed ion 13.

2. Characterizing the accuracy of random forests

2.1. Random forests converge

— ww sel dravn
a random from ' he di lion of 'he random ed or Y, X, dekne 'he margmT nd ion as

ik

mg(X,Y) = aved (he(X) =Y) — ma, avid (hi(X) = j).

"}wre I(-)is'he 1n!1ca or! nd ion. The margin me! res'he e lenl {oy¢hich!he a erage

mber of oesad X, Y for he righ class e ceeds 'he a erage de for an o hef class.
The larger! he margin, | he more cont dence in' he classik cH ion. The generali a ion error is
g1L enb

PE* = Pxy(mg(X,Y) < 0)

s 0 erlhe X, Y space.
mber of | rees, i follays from ! he

S'rong Lay of Large ™ mbers and'he'ree’s

Theorem 1.2.  As the number of trees increases, for almost surely all sequences ©,___PE*
converges to

Pxy(Po(h(X,0) =Y) — ma, Po(h(X, 0) = j) < 0). (D

Proof: see Appendi I O

P—
qn «+h random fores s do no o ert! as more rees are a!!e!! ‘
prod ce a limf ing e of ' he generali 4 ion error. "
1\.

2.2. Strength and correlation

erali d ion error in | erms
Simaiaassdears arc and of

w@wn lhese {vo gl es he 10 ndal ion for
nders anding! hey ¢ orkings of random fores s. We © ild on'!he anal 'sis in Ami' and Geman

(1997).
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Definition 2.1. The margl‘n nd ion for a random fores' is

mr(X,Y) = Po(h(X,0) =Y) — ma, Po(h(X, ©) = j)

—

and ' he s reng h of 'he sé of classikers {h(X, ®)} is
s = Exymr(X,Y).
malﬂ géL es
PE* 5,1 ar(mr) /s>
A more re ealing e pression for! hev Y

JOX,Y) =argma Po(h(X,®) = j)
Y

SO

mr(X,Y) = Po(h(X,®) = Y) — Po(h(X,®) = j(X,Y))
= Eo[I (h(X,©®) =Y) — I (h(X, ®) = j(X, V)].

P—
Definition 2.2.  The ray margl‘n nc ion is

rmg(®, X,Y) = I(h(X,®) =Y) — I (h(X,®) = j(X,Y)).

L. BREIMAN

2

3)

“4)

_ariance of mr is deri_ed in'he folle+ing: Le

P—
E s,mr(X,Y)islhee ped dionof rmg(®, X, Y)yih respe! 00. !or an 1 nd ion f

[he idenl i

[Eof(®)) = Ep.o f(O)f(@)

P—
holdsy ¢ here ®, ©' are independen' i h'he same HIS!TI {ion, impl ing! ha

mr(X,Y)* = Eg.ormg(®,X,Y)rmg(®', X,Y)
Using (5) gi,L es

. ar(mr) = Eg o (coL xyrmg(®, X, Y)rmg(®', X,Y))
= Eo.0(p(©, 0)sd(®)sd(®"))

®)

(6)

Lihere p(®, ®)is'he correld ion bel eenrmg(®, X,Y)andrmg(®’, X, Y)holding ®, ®’
£ edand sd(®) is | he sl andard de‘L ia ion of rmg(®, X,Y) holding ® £ ed. Then,

Lar(mr) = p(Eosd(©))?
< pEe ar(®)

)
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vy here p is'he mean ! e of | he correld ion; ' hd is,

e

0 = Eo,0(p(®,0)sd(©)sd(®))/Ee e (sd(©)sd(O"))
Wril e

Eg ar(®) < Eo(Exyrmg(®,X,Y))* — s>

1—s2 )
! {ling (4), (7), and (8) ' ogé her ields:

Theorem 2.3.  An upper bound for the generalization error is given by

=
=

PE* < p(1 — s?)/s%.

nders anding
ide Jhe smaller i is, | he

nd ioning of random fores s, ! his ra ioy il
beler.

Definition 2.4. The c/s2 ra io for a random fores is de#ned as

c/s2 = p/s>.
|
There are simplik.ca ions in' he !;1 0 c|ass s! d ion. The margml nc ion is

mr(X,Y) = 2Pe(h(X,0) = Y) — 1

learning condi ion ExWPetmra o=

ﬂd‘hecomﬂa‘ 10n,01sbe‘ueen1(h(X @) Y) and I (h(X,®) =Y).Inparic lar,
ifthe -at es for Y are!aken!obe +1 and —1,  hen

1

1lar‘ of he familian y eak

0 =Eo.olph(,0), h(:, O]

W correla ion bel 7 een L o differen’ members of | he fores a eraged o, erhe
O, 1 lion.

P—

_ WO classes, He meg re of § reng h dekned in (3) depends on! he fores' as
viell as'he indl 10 alrees since il is!he fores | ha de ermines j (X, Y). And her approach

s
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is possible. Wril e
PE* = Pxy(Po(h(X,0) =Y) — ma, Po(h(X, ©) = j) <0)
J

<Y Pxy(Po(h(X,0) =Y) = Po(h(X, ©) = j) < 0).
J

Dekne

sj = Exy(Pe(h(X,0) =Y) — Po(h(X,0) = )))
‘o ; : i i *his dek ni ion
of s'reng h does nd depend on! he fores' . Using Cheb' s e smeq alf -, as ming all 5.
leads (o

PE* < Z‘Lar(Pe)(h(X, ©)=Y) — Po(h(X,®) = j))s_f ©)

be e pressed
e( an'iiesin(9)I0O rempirical
I 1 iple class problem.

3. Using random features

P—
Some random fores‘ s repoﬂ ed in He |1 e!r reha e consis'en'1 lever generali d ion error
. \ .

R 1ch 1998) does bel! er! han bagging.

e, 1998¢) also does bell er.
¢ nd & Schapire, 1996) or
adap i 1erey elgH ing (arcing) of' he' raining se' (see Breiman,
a er& Koha 1, 1999)

a7 hile

s or
S OT M =setatii i e rac

{ha compare fa orabl L 11‘ h Adaboos . This class of proced res has desirable charad eris ics:

Adaboos and somé imes beller.
steladl el TOD s 00 !liers and noise.

il
w bagging or boos' ing.
gLe 1inf ernal es ima es of error, s reng h, correld ion and _ariable impor ance.

I’s s1mple and easil paralleli ed.

" P—

— W sing

— Mw a large I mber of geome ricall dekned Ted res! o dekne!he spli
a each node g

h m implemen d ion is differen and no problem specikc, i vvas
{heir ¢ ork | ha pro, ided 'he § arl form ideas.
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3.1. Using out-of-bag estimates to monitor error, strength, and correlation

Inm e perimen si¢i h random fores s, bagging 1! sed in landemyy i h ran!om 'e! re

om | he original / raining sé .
gc is groynon'heney 'raining se - sing random ea re selec ion. The!rees gren

S gge s | 0
enhance acC rac vvhenrandomTea resarc sed. The secondis! ha bagging canbe sed' o

g1 e ongoing es W of  rees,
h and correla ion. These es'ima es are done 0 ! -of-bag,

asuell as es‘ 1ma‘ es forihesireng‘
c—rmeednainttniatinemenalesaianntieor) an | raining s¢ . Gi _en a specikc

{raining sé T, form boos! rap‘rammg sés Ty, consT ¢ class1t ers h(X, Tk') and l¢/ {hese

de‘oform‘hew&m e des

ers foruyhich Ty does no con'aining y, X. Call € -of-bag

‘hssi er. Then 'he © | -of-bag es ima e for | he generali a ion error is | he error rd e of | he
J _ _ o .

leshlram (1996) and Wolpeﬂ and Macread (1996), propose! smg! {-of-bag es i-

pr— ma-es ) g adin 1 ion error. Wolper! and Macread 1 orked

P T D TSSO ¢ hods for es imd ing | he gen-
123 g g
albag es'ima es of ariance

{0 esimde generah a 1M‘fﬂr‘arbﬂ

Ty woramrmms e or

6b), gi es empmcal e idence ‘o shay ! €0 l-

i rae as  sing ales se of (hesame si e as (he ! raining se .
Therefore, = sing 'he O |-of-bag error es imale remo_es {he need for a sé aside |es

w S I RO T UL JThereforeJhe
| J— - OO O T I S e — S RPN gags man classikers as in
_ ; S eakhammuennceodeosaoeaaeer b mber of combinal ions

,,,,, — S S R R DU | T BT i rrent error ra e. To gé
el - s se error

5! ise em nknayn, he

S — : Rt hOds. This gi es

B r—

i ernal es imal es | TETRNEN : —— a0 | (O
1mpr0 e . The dé ails are gl en in Append1 II And her applica ion is' o' he meas res of
arlable impor ance (see Sed ion 10).

1Ad

4. Random forests using random input selection

elec ing d random, a each
e'rec sing CART me hodolog

#-re b Fores -RI. The si e F of
sed onl one randoml seled ed
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Table 1. |!! a s! mmar .
Dd a se Train si e Tes si € % I's Classes

Glass 214 , 6
Breas cancer 699 , 2
Diabe es 768 , 8 2
Sonar 208 , 60 2
Vael 990 , 10 11
Tonosphere 351 , 34 2
Vehicle 846 , 18 4
So bean 685 , 35 19
German credi 1000 , 24 2
Image 2310 , 19 7
Ecoli 336 , 7 8
Vo es 435 , 16 2
L%L er 345 , 6 2
Lélers 15000 5000 16 26
Sal -images 4435 2000 36 6
Zip-code 7291 2007 256 10
Wa_eform 300 3000 21 3
T’IVOHOI’m 300 3000 20 2
Threenorm 300 3000 20 2
Ringnorm 300 3000 20 2

second | ook F o be'he krsl in eger less! han log, M + 1,.¢here

M e perimens se 13 smaller si ed da a Se‘ s from {he UCI reposi or , 3 larger sés

sed: a random
10% of! he da a. zas se aside. On! he remaining da a, random foresvas T nivice, greving
sdheStiaane g u‘hF—landihesecondllmqu‘hF id(log2M+1)

; ) o sd error for bo h The | es
ot ec—— ' evvo
imes and‘ he'les sd errors a eraged The same proced revyas

0 for Adaboos comes from! 70 s! rces.

{-of-bag es ima es are based on onl ab® | a'hird as man !rees as are in' he fores .
Toge‘ l‘el1abFEE'‘1'1'!'1'!1"6;‘1‘017L o1+ C=nens SSeansaaneiseuianets - ho| oroing
random POPESISTIT—H T D |'s needed in
Adaboos . Greing 'he 100 rees in random fores' sy v as considerabl ¢ icker'han | he 50
‘rees for Adaboos .




RANDOM FORESTS 13

Table 2. Tes sel errors (%).

P—
Da a sé Adaboos Selec ion Fores' -RI single 1n‘ { One ' ree

Glass 22.0 20.6 21.2 36.9
Breas cancer 32 2.9 2.7 6.3
Diabé es 26.6 24.2 24.3 33.1
Sonar 15.6 15.9 18.0 31.7
Va el 4.1 34 33 30.4
Ionosphere 6.4 7.1 7.5 12.7
Vehicle 232 25.8 26.4 33.1
German credi 23.5 24.4 26.2 333
Image 1.6 2.1 2.7 6.4
Ecoli 14.8 12.8 13.0 24.5
Vol es 438 4.1 4.6 7.4
LEL er 30.7 25.1 24.7 40.6
Le'ers 34 35 4.7 19.8
Sa -images 8.8 8.6 10.5 17.2
Zip-code 6.2 6.3 7.8 20.6
Wa eform 17.8 17.2 17.3 34.0
Tklyonorm 4.9 3.9 3.9 24.7
Threenorm 18.8 17.5 17.5 38.4
Ringnorm 6.9 49 4.9 25.7

W

vy ere based on combining 100! rees;

I's for (he £rs {vo ddases
{he ip-code proced re combined 200. For Adaboos ,

se/s and 100 for ip-code. The s nl helic da a
in Breiman (1996) and also™ sed in Schapire ¢ al. (1997). Therevere 50

|

- nera ed. In
andom fores s 100! rees, v ere combined 1n eac n 50 in Adaboo I's of ' hese
of layes

[N ——— .

¢ error siNgJ s one randomica re!o gray
¢ 0 | -of-bag es ima es of | he generali a ion error
ed for | he bes' sé!ing (single or seled ion). This
ed D sing 'he lel -0 | ins ances as a'es se in each !ree greyn and

Adaboos . The
es of F ins ead
F*. The a erage
e of F'Lis less

Friosesmtuti e e T C Y;innglyand he higher |
{han 1%. The difference is mos prond nced on'he ! hree large da a se's.
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Table 3. Tes sel errors (%).

15

Dad a s¢

Fores -RC

Adaboos Seled ion I;; ) !e' res One ' ree

Glass

Breas cancer
Diabe es
Sonar

Vayel
Ionosphere
Vehicle
German credi
Image

Ecoli

Vo es

L% er

Lellers

Sd -images
Zip-code

Wa eform
T‘IVOHOI’m
Threenorm

Ringnorm

22.0
32
26.6
15.6
4.1
6.4
232
235
1.6
14.8
4.8
30.7

3.4
8.8
6.2

17.8
4.9
18.8
6.9

24.4
3.1
23.0
136
33
5.5
23.1
2.8
1.6
12.9
4.1
27.3
34
9.1
6.2

16.0
3.8
16.8
4.8

235
2.9
23.1
13.8
33
5.7
22.8
23.8
1.8
12.4
4.0
272
4.1
10.2
72

16.1

16.9
4.6

424

5.8
32.1
31.7
30.4
14.2
39.1
32.6

6.0
253

8.6
40.3

23.8
17.3
22.7

332
20.9
34.8
24.6

E—

he ip-code!es se errordidno decrease. Ac ingonan

— e | A
informe nch, I' ried Fores -RI. vi h F =25. The ip-code'es se error dropped! 0 5.8%.

These are! he leyes les sé errors so far achie ed on! hese! hree da asel sb | ree ensembles.

5.1. Categorical variables

1

sepmaiet 11 O

P ——

— . —\--——._._m-

inf (10g2M+1)‘0g €no ghireng‘ h‘opro ide good'es' se acC rac .

Some or all 0! Ee m! [ ariables ma be ca egorlcals and sincey v eL (arﬂ {0 det.ne addi i ie

T ables,t 7e need‘o detne hey cd egoricalsivill be ' red ed so ' he can
4 7 et i< hal each!ime a ca egorlcal ariable
samebaanael oo rics of | he N arlable

e of 'he ariable is in
d mm 0—1 arlables
ol in
_al e of [ I¢ s
0 abo | Lyo- hree limes
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r-dl ed ca egorical al es,2,000e am-
ples in'he/raining s¢ and 1,186 in'he'es s¢, sing » Fores R ¢ih F'=20 gaea les sé
error 1a e of 3.6% (4.2% for Adaboos ). The so bean da a has 685 e amples, §5 ariables,
19 classes, and 15 ca egorical ariables. Using Fores -RILvih F = 12 gi es aled sé error
of 5.3% (5.8% for Adaboos‘) Using Fores' -RCy 1 h combina ions of dand F = 8 g1 es

tvih
oblem, | his can be a oide sing
— TS wBreim . K ces! he search for! he ‘bes' ca egorical
i orical spli is

""" {dion for an
ca egorlcal drlable in ol es onl |he selec ion of a random's bse of ! he ca egories.

6. Empirical results on strength and correlation

m:rpm‘e THo~reentesnitnntuli i handcorrela‘lonon‘hegener-

- . Atk of
o e S A v— an empirica d of

samagaeansT 5, O | -0f-bag es/ima es of | he

I — . SRR

SR | O
S hen mber

I~ _ _ = : 0%-¢ _ A:i -'-'- | R N N B s e
BT 0. For each . at e of F, 100

BT TRTQOIIT 1D ‘M‘ : : .

{reesyyere gran!o form a random fores and'he "ermina esofles sé error, s reng h,

Wl vere done, each ime remo_ing a random 10%
of the da'ator seasales se,andallt l‘sa eragedo er'he 80repdﬂ10ns Al ogé her,

|
—_— 100 000

om 1

gl s‘reng‘hremalns consl ad adding more p | s does no
e ) ) (he ! es‘ se‘ errors

and' e o | -of B e O - e c

— ‘Wﬁ same beha ior  a small drop from /" ="T°G ' o F~abo {
4 8,and'hena genera gra al increase. This increase in error | allies i h ' he beginning
O e consis ing of

—— ._——‘—.-.._m-—-_,. O |

TRa—— ™ all
m-i_—.-h

. . A
cons™ S0 C il m ~— gammaanbicse (O L O TES is 'he
i | . . . . .

[ § eadil increasing,

random combina iong

N D
rstvhenonl afey mnp fsorica resare sed.
: han | he smaller, e ran
e sdellie dada se. Thc I mber of Tea res, each consis ing of
" , and for each, 100 classikersy yere
eres 1 s differ from ! hose on!he smaller

{he layes error oC

eres Is are shoyn
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m. ‘
Figure 1. eC ol II mber of 1np 's on sonar da a.

17
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Figure 2. Effe! o! !e! mEer o! !e! res on! he breas' da ase .
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CORRELATION AND STRENGTH

1 | L |

I " Variables

. |

|—

wo —_—
= wi— — :
S > x 7
’ﬁ(
;

= ' '

Figure 3. E!!e! o! m!er o! !e! res on sa elli'e dal a.
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P—— damrpentenihainlinml et et © | 5 | dead increase. The error
: Snniatm and more comple da a se's,

and no es 'ha more ace ra e ensembles ha e larger dispersion. Fic nd (personal comix
WAMEOOM qorks so_vellis' ha a each s epl‘ {ries'o
¢co ple'hene ! classiker from' Ne ¢ rren one. Ami ¢ al. (1999) g1 eananal sis!oshey

{ha 'he Adaboos algori hm is aimed a keeping!'he co, ariance bey  een classikers small.

7. Conjecture: Adaboost is a random forest

!ar! s classizers can be mo!1! e! ! se bo h a lraining se/ and a se' ofieigh's on | he
: wder {he follaying random fores : a large colled ion of K differen ses

of non-nega1 ¢s m-oneryeigh's on | he { raining s¢ is dekned. Dend e ' hesereigh's b
W(K) Correspondmg o 'heseeigh' s are probabili ies p(1), p(2), .

accordlng‘ o!hese probabllﬂ ies.
sing | he | raining sé 1 huveigh' s

as follg v s: Adaboos vast n75/imesonada ase prod cing se s of non-nega 1°¢35 m-one

vreigh sw(l), w(2), ..., w(50) ( he £rs 250 ere discarded). The probabili for! he K h se
of veigh's iWronal . re error(k) is
he Wed'ﬁa i ; es 15T n 250! imes.

Thm vas repea‘ ed 100!imes on afey da ase s, each!ime ea mgo | 10% as ales s¢ and
P— re e~ Uil a‘aseJ JheAdaboos* errorra‘euaster close!o
A ' anameiabaaeaniCCr da ay ¢ here

Ad prod ced 2.94%.
nd ion del ermined b
P TS s il de of 'he & h classiker is

Lveighled b Q(wk) so'he normali ed \ d e for class J & als

D 1 wy) = j)Q(w»/ZQ(wk). (10)
k k

dabaasay haaeel s TS neiheoperaorTf(W) f@dWw)).

RNaass " re 7 (dw). Then (10)yill con erge'o
Q(W)ﬂ(dW)/fQ(V)ﬂ(dV) If
g random fores'y v here! hey y eigh' s on

{he!raining sé are seled ed @ random from disTid 'ion Q.
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e ¢ perimen al
Cll  rmans, 1998),
d carr o erlolhe
00704 rees on

L 1e1gH siyill depend on ' he !raining se. al random fore
'he random . ec ors does no depend on ! he { raining se .

7

8. The effects of output noise

P——
— e alasmmant— hal | hen a frag ion 0! He! ! ! labels in | he (raining s are

B g < saleansthaanautens aulaammiro and random spli

ﬂion are more 1mr B (s is of en presen ,
4 ‘ . Follaing Diée/!erich (1998) 'he

folleying e perimen \as done hich changed abo | one in ven class labels (injec ing
5% noise). Pr—

made on ! he remaining | raining s . [ nis on‘ he ! raining se as is. The second 1
I t — is gdlenb changing, a random,
n1f0rml from ! he o her labels.

'he 9 smalles da'a s! s ar! sed. Table 4 gi. es ! he increases in error ra
1

es @ e olhe noise.
Table 4. Increases in error r!' e‘s el o noise (%).

Dd a sé Adaboos Fores -RI Fores -RC
Glass 1.6 4 -4
Breas' cancer 43.2 1.8 11.1
Diabel es 6.8 1.7 2.8
Sonar 15.1 —6.6 4.2
Ionosphere 27.7 3.8 5.7
So bean 26.9 32 8.5
Ecoli 7.5 7.9 7.8
Vo es 48.9 6.3 4.6

Li er 10.3 -2 4.8
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P—

mﬂﬁmﬁw random fores proqce res

whﬁu small changes. The effec on Adaboos 1s¢ 110 sl da asel dependen 1+ih
ey o

lliclass da a se' s, glass and ecoli, along ¢ i h diabe es, leas' effec ed b !he noise.
The Adaboos algori hm i era i el increases {heveigh's on ' he ins ances mos' recen 1
misclassiked. Ins ances ha ing incorrec class labelsy vill persis in being misclassited.
Pr— =~ ’ ; o — : — nd become
vvarped. The random fores proced res do nd concen ra ey eig bsel of | he
ins/ ances and ! he noise effed is smaller.

9. Data with many weak inputs

classikers Ne ral ne s and ! rees.

; ek folle v ing 10 class,
1,000 binar mp | dd a, vas genera ed: (rnd 1s @ niform random 1 mber, seled ed aney
each!ime i appears)

do j=1,10

do k=1,1000
p(.k)=.2*rnd+.01
end do

end do

do j=1,10

do i=1, nin (400*rnd) !nin =neares' in eger
k=ninl (1000*rnd)

pG.K)=p(,k)+.4*rnd

end do
end do
don=1,N
j=nin (10*rnd)
do m=1,1000
if (md<p(j,m) ) hen
(m,n)=1
else
(m,n)=0
end if
m)=j ! (n)is!'he class label of 'he nlh e ample
end do

end do
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: probabili ies {p(j, m)} - here j is'he class label and m is ' he
mber. Then {sforaclassje ample are a s ring of M binar _ ariablesy i h
‘ he m h arlablwcwm P\J’ . : -

For ! he 4 ralnm,_N_l—GO 0-

o al o er all classes of | hese loca ions 15 aDO [

i s all of (he {p (j, k)}, ' he Ba es
[ [ nis 1.0%.

P— SE— - R R T TR P achdher,‘heNaiLeBa es classit ery ¢ hichesl ima es

e pmaaadin ) imal and has an error ra e of 6.2%. This is

Nai e Ba es, since .70 Idbeeas locredea dependence bel 7 een

V\' . |
his e ample
orra e and! he Nai 'e Ba es error ra e are eas |0 comp |e.

Idareduyt n of Fores Rlul‘hF 1.1 con, erged er slayl and b 2,500

i era ions, ¢ hen i PFESOPPed T h 0.7%.

The s reng hyvas .069 and ' he correla ion .012y 1" ha c/s2 rd io of 2.5. gh ' he

ﬂ‘h vas lav, he almos' ero correld ion mean |ha \7e qere adding Small incremen s
orace rac as!he i era ions proceeded.

fon ley.
eres I'suyere encO raging.
eng huvas .22, lhe
correld ion .045 and c/s2 = 91. G01ng1 ¢ih'he!rend, Fores -RIuvas T nuyih F = 25 and
s opped af er 2,000 i erd ions. The les s¢ errorias 2.8%. S reng hyyas .28, correla ion

= inl (log, M + 1) = 10.

P ——
w* ha Fores -R1 C prod ce error ra es no far abo e {he Ba es error
ra'e. The indr 10 al classikers areyyeak. For F = 1,'he a erage ' ree etror rd e is 80%; for

F =10, ﬂWm—meﬁ lovyork
—mcomparlso sing Adaboos
Lias ried, ® | I can’ gel Adaboos TOT n on!his da' a be se | he base classikers are | 0o

Ly eak.

10. Exploring the random forest mechanism

A fores of!| FEESTSTPEIE Tabl

go. In some
nders and | he
on! his problem is
sing onl selec ed

class o es for X,Lvih'he m'h ariable noised [ e class label of

y p is comparedy ¢ 1
. . . . L
X, '0gi e amisclassik cdionrde.

7
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40 7

20 7

percent increase

=10 T T T T T T T
1 2 3 4 5 6 7 8
variable

Figure 5 !le!a re of ariable impor ance  diabel es da a.

o'neo |-of-bag
..... i nof aforesyih

cas reles se error ga e an error of 29.7%, comparedy 7 .17 sing all
_ariables. {{vhen ariable 8 is ad&ed {he error falls onl |0 29.4%. When ) ariable 6 is
'added (o _ariable 2, The error falls |0 26.4%. '

The réason (ha _ariable 6 seems impor an', € is no help once _ariable 2 is enl ered

is a charad eris ic of h(p q depended anables affed predld ion error in random foress.
] passnicantaeiaandna T Signik can predldle

g in a random fores‘
amaneame = TOT rd €. 1 | once x| is enl ered
smg X3 in addi iony v 1 ce an decrease in error ra e. In
ggiable carries some of ‘ he same informa ion as | he second.

Ny i
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30 7

20

10 7

percent increase

=10 - T T T T T T
1 2 3 4 5 6 7 8
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R Mre onL ariable impor ance-diabel es dal a.
400 7
300
200

100 7

percent increase

-100 T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
variables

Figure ! He! re of ariable impor ance o es dala.
T s

—

om Democra s almos' asell as! he y o e on 4 combined

1

L
{\‘(i‘h‘hetdesonall er 1D 153 es.

—qﬂr@swgimg- More researchy vill be necessar
nders and ha 'l o gi‘L e a more comple' e piC re.
1

11. Random forests for regression

pending on a random . ec or
es as opposed | o class Tabels.
ig se is independen!] drayn
ared generali a ion error for

B |ion of he random . ed or Y, X. The mean-sq
merical predid or h(X) is

Exy(Y — h(X))? (11)
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The random fores predld oris formed b |aking!'he a_erage o_er k of 'herees {h(X, O)).
Similarl o!he classit cd ion case, | he follaing holds: "

Theorem 11.1. As the number of trees in the forest goes to infinity, almost surrely,
Exy(Y —avih(X, ©)> — Exy(Y — Egh(X, ©))”. (12)
Proof: see Appendi I O

Dend el he rigH hand side of (12) as PE*(fores' ), 'he generali d ion error of | he fores' .
Def.ne ' he a_erage generali a ion error of al ree as:

PE*(ree) = Eg Exy (Y — h(X, ©))*
Theorem 11.2.  Assume that for all ©®, EY = Exh(X, ®). Then
PE*(forest) < pPE*(tree)

where p is the weighted correlation between the residuals Y — h(X, ®) andY — h(X, ®')
where ®, ®' are independent.

Proof:

PE*(forest) = Exy[Eo(Y — h(X, ®)]
= EoEo Exy(Y —h(X,0)(Y — h(X,0") (13)

The ! erm on'he righ' in (13) is a co, ariance and can bey i en as:

EoEe (p(©,0)sd(©)sd(0")

Ly here sd(®) = \/Ex’y (Y — h(X, ©))2. Det.ne ' her¢ eighl ed correlad ion as:
6= EoEo (0(©, 0)sd(©)sd(0))/(Eesd(©)) (14)
Then
PE*(forest) = p(Egsd(©))? < pPE*(tree). O
— ﬂpinpoin s'hereq iremen s forace ra e regression fores's lay correla-
lion bef v een resid als and loy error ' rees. The random fores' decreases ' he a erage error

of 'he {rees emplo ed b !he faclor p. The randomi a ion emplo ed needs (0 aim a lavy
correla ion.
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12. Empirical results in regression

re selec ion on | op of bagging. Therefore, e

d 'hefolleyingdaas

P—— Pr“ .
Of | hese da a sé s, (he Bos on 5 sing, Abalone and Ser o are a ailable a lhe UCI

reposi or . The Robd Arm da av 7as pro. ided b Michael Jordan. The las |hree dda

P—— Semguanons iedman (1991) and are dlSO descrlbed in Brelman
(1998b). THESE™ rom —— -, g e
Breiman, 1999) e cep/ ‘ha one s n‘hd ic daﬂ a sel (Peak20),.- qasl anomalo s

bohb d her researchers and m self, is elimina ed.

[ nmng on'he remalnmg sing (he
les sé errors a eraged

The abalone da‘ a se iswm:/

MW‘M se. We ran (his dd a se lea ng
arandoml seled ed 25% of 'he ins ances O- se as a'es se, repeaﬂ ed 'his 10! imes and

for bagging, adaph e bagging and | he
""" a random linear combina ion of
i—enehmadtmannapase——————eae b2 0N Of{ { O
s,'net le ydon’ spli

gnd classm calion is | ha Jhe correlaﬂ ion

decrease in PE*( ree). Therefore, a reld iL e
PE*( ree) and ge/ near op imal ! es/se/ error.

Table 5. as mmar .

Da a sé !r. 1n‘ Is #Training #Tes
Bos! on g sing 12 506 10%

O one 8 330 10%
SerL o 4 167 10%
Abvalone 8 4177 25%
Robo Arm 12 15,000 5000
Friedman#1 10 200 2000
Friedman#2 4 200 2000

Friedman#3 4 200 2000
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Table 6. Hean!s ared'es se error.

——

Dd a sé Bagging Adap . bag Fores
msing 11.4 9.7 10.2
O one 17.8 17.8 16.3
SerL ox10—-2 24.5 25.1 24.6
Abvalone 4.9 4.9 4.6
Robo Arm x 10 — 2 4.7 2.8 4.2
Friedman #1 6.3 4.1 5.7
Friedman #2 x 10+ 3 21.5 21.5 19.6
Friedman #3 x 10 — 3 24.8 24.8 21.6

| ! ! I's sh(p yn in Table 6 are mi ed. Random fores ran!om !e! resisalva sbéler

- bagging gi es sharp decreases in error, | he
ward. In ddasels in v hich adap i Le bagging

gmg, fore s prod ce 1mpr0 emen s.
g aL llde range J he error does nd change

“““ e~ all large. In'his range, as mber of
g { PE*('ree) compensa es b decreasing.
Table 7 g1 es'heles sé errors, neo ! of bag error es'imd es, and ! he OB es imal es for
PE*( ree) and ! he correla ion.

W are consis' en' 1 high. I islay in'he robo arm da a,
{ I belie e {ha 'his is an ar ifac ¢& sed b separd e raining and | es sels, ¢ here!he!es
i " o ———— S aammmanemtegsssian noise is added | o each of | he
{s. The s andard deL id ion of | he noise 1s se €q al o !he s andard deL id ion of | he

Table 7. Error and OB es imal es.

Dd a Sé Tes error OB error PE*( ree) Cor.
msing 10.2 11.6 26.3 45
O one 16.3 17.6 32.5 .55
Ser 0 x10 -2 24.6 27.9 56.4 .56
Abvalone 4.6 4.6 8.3 .56
Robd Arm x10 —2 4.2 3.7 9.1 41
Friedman #1 5.7 6.3 15.3 41
Friedman #2 x 10+ 3 19.6 20.4 40.7 51

Friedman #3 x 10 — 3 21.6 229 48.3 49




RANDOM FORESTS 29

Table §. Hean!s ared'es se error.

——

Da a se Wi h bagging Wi h Noise
0s' on sing 10.2 9.1
O one 17.8 16.3
Ser ox10—-2 24.6 232
Abalone 4.6 4.7
Robd Arm x10 — 2 42 3.9
Friedman #1 5.7 5.1
Friedman #2 x 1043 19.6 20.4
Friedman #3 x 10 — 3 21.6 19.8

sing ea res,
Is,lo spliJ each node. The

ﬂh a random linear combina ion of { vo randoml selec ed 1]
1cs I's are gi en in TSRS m—

, € ibili of | he random fores se/!ing
{0 seevvha Ly orks  he bes .

Laro s combina ions of randomness can be added

13. Remarks and conclusions
P—

W o R e S R A ENN T AS ¢
and regressors a al predic-
hma"rom—g ; ) fes o predid.

”smg@ es of s'reng h
PTOTTe on

{-of-bag es ima ion "makes concrele | he o her vise | heore ica

f I erni-oeeomit Nt b | lead o inl eres ing
es ions. Boos' ing and arcing algorﬂ hmsha e'heabili ToTed ce biasas vellas ariance
998). The adap i e bagglng algori hm in regressmn (Breiman, 1999)L yas

W' 1
gcsigned (0 red ce bias and operail es effedi el in classikca ion asyvell as in regression.

also changes‘ he ! ralnmg sd asﬂ progresses

b

ompe ev i h arcing

. go no progres-
o red ce bias. The
gt 2s a Ba esian pro-

do b 'ha Thisisalr 11 lline ofe plora ion, 1t 1 cO lde plain! he bias

eIr ace rac indica‘es‘ﬁa he a
Mmr—._ - D

———-.._ -~ - o in

regrm e oNMRIT gaemteeslanaamec-and random iea res.

od Suiuttenasemasalaga=01 NS ance, one
T . -
of | he referees has's gges ed  se of random Boolean combind ions of tea res.
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esi ion is v he her gains 1n ace rac can be golen b combining
{he larger dd a sels, i seems (ha signikcanl lever
ns,Lye gd errors as lay as 5.1% on'he ip-code dd a,
Impro, emenl (v as less on | he
e ; gges "ha differen injed ions

0 class problems,

men sare gi en!ha
. | v s
ndaries. Hopet 11 ,!his sheds ligh' on al
¢ ical frame  ork gl enb Kleinberg (2000) for
nders anding.

random fores' s areeq i alen' | oakernel acingon'he'T e margin. 2

a desirable skeyness a@ a I e

L

| —— H
S ochas' ic Discrimina ion ma also !e!

Appendix I: Almost sure convergence

‘‘‘‘‘ Emmkaasans o (hal (here is a se/ of probabili  ero C on'he
& | side of C, for all X,

—Zl(h(can,x) = j) = Po(h(©,%) = ).

n=1

P—
W nion of
h per-rec angles. For all #(®, X) 'here is onl aknreh mber K o' s ¢ nions of h per-

ﬂngles, dendedb Si,...,Sk.Dekne p(©) = kif {X: h(®,X) = j} = S;. Lé Ny be
¢ mber ofimes ! ha ¢(®,) = kin'he £rs N lrials. Then

—Zl(h(ca,,,x)_n ZNkl(xeSk)
k

n=1

B 'he Lay 0! |!arge!; mbers,

1 N
Ne= ) 1@(©,) =k)
n=1

n ergence does
no o rforsomeL eof k gi esase C of ero probabili c 491deofC
1 A

= Zl(h«an, X) = j) = Z Po(9(®) = K)I (X € Sp).

nl

The rigH hand side is Po(h(®,X) = j. O
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P—
i " 1,...,!!1(,!01’1‘11&4
{ edors in R; 'hen

es for all {raining 1

e
—_— wmning s€s y-. L
h(®, x) has one of 'he_at es I (X € k) yx. The res of ' he proof paralléls 'ha of Theorem
! O

1.2.
Appendix I1: Out-of bag estimates for strength and correlation

Al 'he end of a comEma 10n‘ n, le

QX j) =Y _I(h(X,Op) = j; (y.X) ¢ Tk,s)/ D 1) ¢ Tep).
k k

E s, Q(X, j! 1s !e! {-of-bag propor' ion of y oles cas d X for class j, and is an es ima e
for Pg(h(X, ®) = j). From Dek ni'ion 2.1 he's reng‘ his'hee ped d ion of

Po(h(X,®) =y) —ma Pe(h(X, ®)=))
J#Y

qs ling Q(X, j), Q(X, y) for Po(h(X, ®) = j), Po(h(X, ®) = y) in'hisldlere pres-
sion and ! aking | he a erage o er! he  raining s¢ giL es'he s'reng h es/imd e.

From Eq. (7),

p = arimr)/(Eesd(©))*.

The ) ariance of mr is
(A1)

7

Exy[Po(h(x.©) = y) —ma Po(h(x,©) = NI’ -
vihere s ishe s'reng h. Replacing he krs lerm in (A1) b 'he a erage o_er!he!raining s¢

of

(Q(X,y) —ma Q(X, j))?
J#£Y

and s E !e! {-of-bag es imal e of s gl es!he es'ima e of _ar(mr). The sl andard de ialion
isgi enb ' ' '
(A2)

sd(®) = [p1 + p2 + (p1 — p2)*1'/?

L here

p1=Exy(h(X,0)=Y)
p2 = Exy (h(X, ©) = j(X,Y))
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Afier'he k'h classizer1s cons T ced, Q(X, ;) 1s comp 'ed,and sed'ocomp e f(x y) for
e ample in'he ! raining sd Then, I¢ p; be'he a erage o_er all (y, X) in! he | raining
ing s¢ of I (h(X, Q)= y). Then p2 is'he s1mlla.ra erage
of I (h(X, ®r) = j(X, y)). {e!hese es'imad es il 0 (A2)!0 g¢/ anes ima eofsd(@k)
AL erage“ he sd(®y) o er allklo g¢ |he knal es ima e of sd(©).
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