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AbstraCt—Randtm'hcﬁmeWS of a
rand@[ﬂWlon for all reesin he fores . The génerali}a ion
crroTforforerr-eonmersermenmmlmsnmingmy ber of rees in he fores becomes large. The generalira ion

error of a torerd—nrmsrmdwl rees in he fores and he corre-

©laiom berTeerirenr=tm—————ssssiia cs 0 spli cach node fields error raes ha compare
wd & R. Schapire, Machine Learning: Proceedings of the Thirteenth Interna-
re— ” miniiiesiielysssssssnmnnly < | i h respec 0 noise. In ernal es ima es moni or error,
R
fr .YTMTC ariable impor ance. These ideas are also applicable o

regressmn
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1. Random forests
1.1. Introduction

ed from gra. ying an ensemble
of—reeTrr = ;M—lar class. In order o gra.y hese ensembles,
of en random , ec ors are genera ed ha gg ern he gra vh of each ree in he ensemble.
An earl! evample is bagging (Breiman, 1996),1 shere o gra.yeach ree a random selec ion
—mssesenemmmam - replacemen ) is made from he evamples in he raining se .
Ano her evample is random spli selec ion (Die erich, 1998). vhere a each node he spli
is selec ed a random from among he K bes spli s. Breiman (1999) genera es na. § raining
myespelsisssslessnsmssismmny s in he original raining se . Ano her approach is o selec
he raining se from a random se ofu veigh s on he evamples in he raining se . Ho (1998)
- — e ipwpessssbslsssnninmm Dspace  me hodu vhich does a random
- ———sisiestiese——c 0 gra.{ each ree.
In an impor an paper onu yri en charac er recogni ion, Ami and Geman (1997) de ne
wes and search gera random selec ion of hese for he
—bervph—a-euelmude-”ﬁlm-h-q-_—en ial in m! hinking.
Firecormreomrsiomeonsnuslississsssesse 1c5 is ha for he k h ree, a random ec or
O is generared—mdepcndm—vf—hM Lyih he same
M ing in a class er
M,A ec or. For ins ance, in bagging he randomy‘L ecor O is
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———sessseessssiniasmesmny | ing from N dar s hra.yn a random a he boves,
———ssmeesssimmmn 10 ber of evamples in he raining se . In random spli selec ion ® consis s of
———— eSS 11 beT Of TdepeterTrer e nenseyssenniessiniGailissany ¢ and dimensionali /

— e —————C (0.

Wm class. We call

—issssspeama ¢ s Fandom forests.

Definition 1.1. A randonrfores—Tsachrrrr—creorrmemsssskassss—m 1 d
classi ers {h(X, ©x), k =T TThere—He—tOrrremoponommimm—— c
WW— X.

1.2, Outline of paper

See .WM—M for random fores s. Use of he S rong La.y
ﬂ—mbers sha vs ha he! al yafs con erge so ha g ex ingisno a problem.
We gi e a simpk ed and ew ended‘wersmn of he Ami and Geman (1997) anal/sis
*—rac of a random fores depends on he srengh of he indj i-
———————————sesyivssssmnnnnssmnnn ¢ Of he dependence beu veen hem (see Sec ion 2 for
de ni ions).
P ———rre=—iromreewi——— 15 2 cach node o
—teermrresreplninseess e 7¢5 O sclec a each node. For
——smmssssmmmy idance, in ernal es ima es of he generali) a ion error, classt er s reng h and dependence

s hsesssenniiniay — - Of-bag es ima es and are re, ia.vyed in Sec ion 4. Sec ion
es

Tty <5 random linear combina ions of

e | s compare fa orabl! o Adaboos .

—*——#—res selec ed ospli each node.

—d—bﬁ-ﬂ—q—-—g’—ﬂ s. Toevplore hisandrelae
» T—grrerrE el — i1 Sec ion 7.

Adaboovhamwmdmdcchesn era. yeigh -
reireemaessnmisnnniany 1110 L veigh s depend on he pas his or! of he ensemble
e ==y 1Dc1 genera or can gj ¢ a good imi a ion
of randommess; Irbeitef=rr=trr—i—————eesdissssmmn 12 ing 2 random fores .
Me is gj en in Sec ion 8.
*hnpurmctwubw—men re rig al, of enhg e he
Tropu—hl-u-i—fl-uhh*-sands L " each
—ewersormmmnssinsnsssiinsnay 1 Of informa ion. A single ree clas#t ervyill hen ha e
NN 2 C O —sHE e r—lr———devsssisssesnsinslenanlt — combining rees ng- \n
“—Tac In Sec ion 91 ye evperimen on a
—H— ariables, 1,000 evamples in he raining se and a 4,000
e T C comparable o he Balesraeis achle ed.
—————lesesiesssiessmmay 1ders anding of he mechanism of he' random fores *black bow
Mlng in ernal es ima es of ariable

uul_;u; e S.
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—Semyn-mmmred gener-

alira ion error is d 1 rees in
Mred error of he
it ro ey mi———t— i3 remarks are

gi'en in Sec ion 13.
T

2. Characterizing the accuracy of random forests
2.1. Random forests converge

G1 en an ensemble of class® ers /1 (X), ha(X), ..., hg(X), anduvi h he raining se dra yn

WC 10n as

mg(X,Y) = avil (hy(X) =Y) — m;ywavkl(hk(x) =J).
J

———vereniensissesiessnsibisssssssnnnnn ¢ he even  ou vhich he g erage
E——— Sy ofA oesa X, Y for herigh class evceeds he g erage, oe for an/ o hér class.

The larger he margin, he more com dence in he classt ¢a ion. The generalira ion error is
1 7
g en b!

PE* = Pxy(mg(X,Y) < 0)

ﬁ—bscnp s X, Y indicae ha he probabili ! is Q er he X, Y space.
\—I'n_rmdmber of rees, 1 folla.ys from he
——ssiesse— ¢ DA :

Theorem 1.2.  As the number of trees increases, for almost surely all sequences ©,___PE*
converges to

Pxy(Po(h(X,0) =Y) — r}lﬁy\»’l’@(h(X, 0)=j) <0). (D

Proof: see Appendiw1. O

—————————k— | ¢Vplains L sh! TamdonTfores st —y——————
*—e of he generali} a ion error. ’

T

2.2. Strength and correlation

h‘nd can be deri ed for he generah\ a ion error in erms

I class#t ers are and of
he dependence bet. da ion for

——ndcrmdmg—hwm on he anal”sisin Ami and Geman
(1997).

e
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——ejeteietissssnginnl 11C i0n for a random fores is

mr(X,Y) = Po(h(X,0) =Y) — m;yP@(h(X, 0)=)) 2
J

and he s reng h of he se of clas® ers {A(X, ®)} is

s = Exymr(X,Y). 3)
——qnw — i : li! g}y es
PE* <, ar(mr)/s’ 4)

A more r¢_ealing evpression for he >, ariance of mr is derj edin he folla ving: Le
T

7 7

JOX,Y) = arg m;y’P<-> (h(X, ®) = )
J

SO
mr(X,Y) = Pog(h(X,0) =Y) — Po(h(X, ®) = f(X, Y))
=Eg[I(h(X,®)=Y)—I(h(X,0) = f(X, Y)l.
Seireeeistebiss————— T\C iOD iS

rmg(®, X,Y) = I(h(X,®) =Y) — I (h(X,®) = j(X,Y)).

—mmma . 717 (X, V) is heevpera o ofrrr O et 1 C ion [

he ideni /
[Eof(O)F = Eo.o f(©)f(O)
- holdstirere-OO~nre=mdopendenyminiasissssssssismily —i0n, impl/ing ha
mr(X,Y)* = Eg.ormg(®,X,Y)rmg(®', X,Y) (3)
Using (5) %i es

“ ar(mr) = Eg o (C(l xyrmg(®, X, Y)rmg(®', X,Y))
= Ep.0(p(©,0)sd(®)sd(®")) (6)

Lhere p(®, ®)is hecorrela ionbev yeenrmg (0, X, Y)andrmg(®’, X, Y) holding ®, ®’
& ved and sd(®) is he s andard dg iaion of rmg(®, X, Y) holding ® ved. Then,

- ar(mr) = p(Eesd(®))*
< pEq, ar(©) @
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#—eof he correla ion; ha is,

e

0 = Eo,0(p(®,0)sd(©)sd(®))/Ee e (sd(©)sd(O"))
Wri e

Eg, ar(®) < E¢(Exyrmg(®,X,Y))* — s’
' <1- 2. ®)

—— ing (4), (7), and (8) oge her /ields:
Theorem 2.3.  An upper bound for the generalization error is given by
PE* < p(1 — s?)/s%.

c ion for random
———fessessssiiisesiiay 11ds do for o her pes of classt ers.1 sha.vs ha he v vo ingredien s

Iiol ed in he generalira mrﬂmrfurmdﬁm-fmml
¢lasm ersin he fores ‘and— e corretar Torberree o —— s —— 71 -

Tors-Fhoc/r2rerorr=reeomyimsumimsii et ———— T dc1s anding

N T OO T oreyyisasisesnsianimining e he smaller i is, he

be er.

Definition 2.4. The c/s2 ra io for a random fores is de ned as

c/s2 = p/s>.

Fhererrerrepesessnsessisyeesessibassngngl 1:C ion is

mr(X,Y) = 2Pe(h(X,0) = Y) — 1

——isiesmay iremen  ha  he s reng his p031 i e (see (4)) becomes similar o he familiar. yeak
learmng‘cmme-ErrPUWmc ionis 21 (h(X, ®) =
Y)—1and he correla ion o is bet oo (¢ C——t i ti—" a1,

———m— s for Y are aken obe +1and —1, hen

e

0 =Eo.olph(,0), h(:, O]

so ha pis he correla ion bew yeen v vo differen members of he fores 3 eraged o g er he

——— iy 011

merrrereniresyssssissssspsissssnny ¢ Of s reng h de ned in (}) depends on he fores as
wl rees since i is he fores ha de ermines j (X, Y). Ano her approach
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is possible. Wri e
PE* = Pxy(Po(h(X,0) =Y) — m;fy'P@(h(X, 0)=))<0
J

<Y Pxy(Po(h(X,0) =Y) = Po(h(X, ©) = j) < 0).
J

De ne
s; = Exy(Pe(h(X,0) =Y) — Po(h(X, ®) = j))

obe hes reng hof hese ofclass ers {h(X, O)}relal e oclass j.No e ha hisde niion

of s rexrg‘h‘dofrm-depde—mmg all ;-0

leads o !

PE* <}, ar(Po(h(X,©) =Y) = Po(h(X. ©) = )))s] ©)
i

—M—sed in der1 ing (7), he ariances in (9) can be evpressed
mﬁﬁw—r empirical
ﬂ-ﬂh——l iple class problem.

3. Using random features

Sorrerrrdomstorssspeunsisssissinnny ¢ ha e consis en 1/ la. ver generali} a ion error

han o hers. For ins ance, random spli selec ion (Dle errich, 1998) does be er hanbagging.

—S———ereresirrssesesnnnismny 5 (Breiman, 1998c¢) also does be er.

ﬁ- nore of hese—trese=hreetoressdosssymelssninisissssngisay 11d & Schapire, 1996) or

o heralgori hms ha v york b/ adap i i era. yeigh ing (arcing) of he raining se (see Breiman,
Hf & Koha i, 1999).

* , he randomness injec ed has o minimite he correla ion pu vhile
Ms or

ac/

—ha—mmpmfrWes has desirable charac eris ics:
1 2C 15 a5 good as Adaboos and some imes be er.

liers and noise.
iii I’s fas ér han bagging or boos ing.
3 in ernal es ima es of error, s reng h, correla ion and ariable impor ance.
L s simple and easil! paralleli: ed.

T

Ami and Geman (1997) greavshathrrreerfor-rmsmansslsaaas— 512
Wes ode ne he Spll
———ssslessssesisisiay h m!/ implemen a ion is differen and no problem speet c, i L vas

heire york ha prg ided hes ar for m! ideas.
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3.1. Using out-of-bag estimates to monitor error, strength, and correlation

frmmrcvperimer e —————— T ¢
selec ion. Each na.y raining se is dra. yn,u vi h replacemen , from he original raining se .
Fhrerr—reemersr e sssnaatany T sclec ion. The rees gra. yn
——ned.
e ¢ Of bagging seems o
EEEE E————— e Rt L e )
g1 e ongoing es ima es of he generalil a ion error (PE*) of he combined ensemble of rees,
asivell as es ima es for e s Tenrrod-correrronmstssseseeseinmmn —-0f-bag,
L vhich is evplained as folla. ys.
—*‘C ing a clas® er from an! raining se . G1 en a spe@ c
TaTTE SC—Fforr=oorresasmanmannnimnnnmn < clas® ers /(X Tk) and le hese
oe o form he bagged predic or. For each y, X in he raining se , aggregae he_ oes
" onl! Q er hose clas#ersfortvhrchr-frdoerro=soneseeniakissinnny — - Of bag
ﬁ of-bag es ima e for he generali}a ion error is he error ra e of he
—smsssssssmmn-Of-bag clas# er on he raining se .
Tibshirami—(H996) = rohper—m=iivenswnit s —-0f-bag cs i-
ma es as an ingredien in es ima es of generali} a ion error. Wolper and Macread !\ yorked
- OTT wslw.w.. epespeuisiovnesssspuspsssslssmy ber of me hods for es ima ing he gen-
CrattrrTomrerrorei=ressdinpmsnmnia——— -0f-bag es ima es of , ariance
0 €5 1A T geTerattrrromrerrorsiomssnmmeinsesssssssiblogmay </ of crror es 1ma es for
bagged clas# ers in BrelmW-
— S ig A es se Of he same side as he raining se .
——eesiesssesssemianmn -0f-bag error es ima e remo es he need for a se aside es
se .
e = dntisennesnsssssssintmy — - Therefore, he
——W one- hird as man/ clas® ers as in
he ongoimg Tmatmreombimrtor=Smeesrssmsnsisssssssssamisgy 1 ber of combina ions
O f-b e Ty —————c1 crTOT 12 ¢. To ge
w pas he poin uhere he es se error

kna.vn, he

——H_mblased
STenT e ——-0f-Dag me hods. This gj es
eerreessrsn e orensslsssss—— TaC . and h(u 0
imprg, ¢ i. The de ails are gl emrmApperndrotrrreosrommppimm——— 15 Of

“ arlable impor ance (see Sec ion 10).

4. Random forests using random input selection

Fhesrmpyler=—resdomsiosmpmnsssssissssiony 1c5 is formed b/ selec ing a random, a each
————————— ey ————— 1 CART me hodolog!
we b/ Fores -RI. The sixe F of

i v=oieiymessiniliss ~ d on]! one randoml! selec ed

7
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il es— T mar !
Paasc e hess—— S Classes
Glass 214 6
Breas cancer 699 ) 2
Diabe es 768 ) 8 2
Sonar 208 60 2
Va.vel 990 10 11
Tonosphere 351 34 2
Vehicle 846 18 4
So/bean 685 35 19
German credi 1000 24 2
Image 2310 19 7
Ecoli 336 7 8
Vo es 435 16 2
Lj er 345 6 2
I:e ers 15000 5000 16 26
Sa -images 4435 2000 36 6
Zip-code 7291 2007 256 10
V\{zi eform 300 3000 21 3
K yonorm 300 3000 20 2
Threenorm 300 3000 20 2
Ringnorm 300 3000 20 2

“ ariable, i.e., F' = 1. The second ook F obe he rs in eger less hanlog, M + 1,u there

—*_S-
——ssmeesmmny ¢ 13 smaller sited da a se s from he UCI reposi or!, 3 larger se s

separa ed in o raining and es se sand4 s/n heicdaase s. The rs 10 se su vere selec ed
i ToTT ey —— 11T

On eachrof e t5-srrtterrrreroyssmisin s 5 cd: 2 random

10% of he da arvasscasTde-Cr=irerenvemmmmdssmeasbasssnamy 1 | Jice, gra. jing

and combining 100 rees oncewvi h F = 1,and he second imev i h F = in (log, M +1).

wiiyonyompeienhiltommmmsismsny — dao n cach fores o ge a es se error for bo h. The es

W—of bag es ima e in he v vo

—smmmmm 5. Thisu. jas repea eﬁ@@mmd-hrWeL yas

—bekbeesbessinesistminsssmy 1151 (hich are based on comblmng 50 rees.

—seessssningm ¢ for 100 rees imrandonT foressorre=St=tonmisvirsssmasnaninsna—TCCS .
R e sesysesssssnissnnnisinginy — 2 hird as man/ rees as are in he fores .

To ge reliable es ima es I op ed for 100 rees. The second considera ion is ha gra. ying

random fores s is T —Tmesfascr=hrr-— ey — s nceded in

Adaboos . Graving—treto6—Treesrrrrendomtonsssyeeebensisisiy cker han he 50

rees for Adaboos .
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Table 2. Tes se errors (%).

Da a se Artaboos Srehee———teiesaia — One ree
Glass 22.0 20.6 21.2 36.9
Breas cancer 32 2.9 2.7 6.3
Diabe es 26.6 24.2 24.3 33.1
Sonar 15.6 15.9 18.0 31.7
Va. vel 4.1 3.4 33 30.4
Ionosphere 6.4 7.1 7.5 12.7
Vehicle 232 25.8 26.4 33.1
German credi 23.5 24.4 26.2 333
Image 1.6 2.1 2.7 6.4
Ecoli 14.8 12.8 13.0 24.5
Vo es 4.8 4.1 4.6 7.4
LL er 30.7 25.1 24.7 40.6
Le ers 34 35 4.7 19.8
Sa -images 8.8 8.6 10.5 17.2
Zip-code 6.2 6.3 7.8 20.6
VV‘E‘IL eform 17.8 17.2 17.3 34.0
K yonorm 4.9 39 39 24.7
Threenorm 18.8 17.5 17.5 38.4
Ringnorm 6.9 49 4.9 25.7

stm her rs Lyodaases

T vere basedroreonrnrrmshassssisenspsessisspmamng 7¢ combined 200. For Adaboos ,
50 reesu. vere combined for he rs hree da a se s and 100 for ) ip-code. The s/n he icda a
Trrdererrvedmmmnsmmennghtomemsinniny <cd in Schapire e al. (1997). Thereu yere 50
#—n ang v raining se of sire 300 and es se of siie 3000w yere genera ed. In
TarTdoTTforerr=t S — ey | s Of hese

E——— TRt gl en in Table 2.

% si>es b/ means of la. yes
—WTG 0 gra. y
———lssssshiessssssssesinany —-0f-bag s ima es of he generali} a ion error

%—ed for he bes se ing (single or selec ion). This
. ———— e ins ances as a es se in each ree gra.yn and

*—1 o erall reesin he fores .

“ selec ion compare fa orabl! v i h Adaboos . The
comparison mgiﬁr;mnwﬁ-uws of F ins ead

————————————rre—e——— - Of . The 3 erage

P ’ of F is less

rereiiniinemiitionsmemninmnnnpuann 11ccd on he hree large da a se §.
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Table 3. Tes se errors (%).

Fores -RC
Daase rckerts Solessemm—t——TC S One ree
Glass 22.0 24.4 235 424
Breas cancer 3.2 3.1 29 5.8
Diabe es 26.6 23.0 23.1 32.1
Sonar 15.6 13.6 13.8 31.7
Va vel 4.1 33 33 30.4
Ionosphere 6.4 5.5 5.7 14.2
Vehicle 232 23.1 22.8 39.1
German credi 23.5 22.8 23.8 32.6
Image 1.6 1.6 1.8 6.0
Ecoli 14.8 12.9 12.4 253
Vo es 4.8 4.1 4.0 8.6
Li er 30.7 27.3 27.2 40.3
Le ers 34 34 4.1 23.8
Sa -images 8.8 9.1 10.2 17.3
Zip-code 6.2 6.2 7.2 22.7
W‘g\ eform 17.8 16.0 16.1 33.2
L vonorm 4.9 3.8 3.9 20.9
Threenorm 18.8 16.8 16.9 34.8
Ringnorm 6.9 4.8 4.6 24.6

—Geblononslssiossssiesnnntisiiily — he ) ip-code es se errordidno decrease. Ac ingonan
—mmsbessssnigy 1 ch, I ried Fores -RIu vi h F =25. The )ip-code es se error dropped 05.8%.

These are hela ves es se errors so far aChli edon hese hreeda ase sb! ree ensembles.

7

5.1. Categorical variables

m—eesssnmnkisiuissung — ariables ma! be ca egoricals and since vew yan o de ne addi i
combina ions of arlables Lve need o de ne ha. y ca egoricalsu vill be rea ed so he! can

werlcal ariables. M approach is ha each ime a ca egorical, ariable

Wse of he ca egories of he arlable

W of he arlable is in
*—Slde '

T"W_mm 0—1, ariables,
e TITake—frerrribhemr merlc ariable o be Selec ed in
. . . V. s
. ; ) A —— # ,
———e————— sl — | O- hree imes
. M 7
e~ oo — 12
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ForTrrerrree——— - - s, 2,000 evam-
prosrre=reiimyemiiit i — 12 Fores -RILvih F =20 g3 ea es se
error ra e of 3.6% (4.2% for Adaboos ). The so/bean da a has 685 evamples, 35 ariables,
19 classes, and 15 ca egorical, ariables. Using Fores -RILih FF =12 gj esa es se error
of 5.3% (5.8% for Adaboos ). Using Fores -RCu.vi h combina ions of 3 and F = 8 g1 es
an error of 5.5%.

Ot et res—————— | / 0f1 {ha o0 doviih

wMﬁFthg

Wes he search for Hebes ca egorical

ﬂa ion. For more classes he search for he bes ca egorical spli is
* T o hrrerardom=foresmmsisnsnsassssissssnuay 2 ion for an!

czregonm‘l:mabbqum—bse of he ca egories.

T T T

6. Empirical results on strength and correlation

ﬁ—rpose of his sec ionis olook a heeffec of s reng h and correla ion on he gener-
‘Erh\‘a—ron'crmh‘mu-hmders anding ofi. vas he lack of
ST T e ————— ] | Of
he effet‘rofﬂmg-hW-Of -bag es ima es of he
, o o osissimm— ed.

*ssﬁeredz—mdmw of F, 100
: 3 sof es se error, s reng h,

correla ion, € c. recorded. Eigh ! i era ionsu yere done, edch ime remo ing a random 10%
—ieirrenrsin | Y eraged o ger he 80 repe i ions. Al oge her,

400,000 reesu vere gra.yn in his evperimen .
———————mgei—— Ot —————— 5
—r—eesmesbesssiay—— s TerE-rrerrmmmsenssn—ssa— s d0cs NO
ek 5 O increase. The second graph plo s he es se errors
N -0 -Uag TS T s e e rerneeresssssessnnninibinnmy — - 0f-bag es ima es
are more s able. Bo—h—shu:w—th
Ml increase! Th1s increase in error alliesu vi h he beginning
of he cons anc! region for he s reng h.

= e T~ =l ¢ COnsis ing of
T ——————TC5 | a5 aried
from 1 o 25. Again, he Cvmn-ﬁmmmm—all !
T e ¢S IS he
rela j ‘e consanc of—hesreme-rSimeesreemismm———— s cadil increasing,

T — 5 .
Since he larger da a se s seemed o ha e a differen beha ior han he smaller,u ye ran
Mes each consis ing of
Nl yas aried from 1 o 25, and for each, 100 clas® ersv yere
“ s differ from hose on he smaller
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iiiietsiessssiniy — s On sonar da a.

17
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evsieniibiesssiissssesissssiniony 1cs on he breas da ase .
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CORRELATION AND STRENGTH

1 | L |

o
I
4
3
| T

I "¢ Variables

. |

>

0 5 10 15 20 25
number of features

ittty —cs on sa elli e da a.
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© daases—Botrtrc-corre o eymsnssslsssssnniinly — s cad increase. The error

oy We ha ui h larger and more complewda a se s,
————ssssssssemnmesssm | s indica e ha be er (la. ver generalil a ion error) random fores s ha e la. ver cor-
rela IW 0n

has o aim for la. y correlaompritterrererrre———esensisssssssiasibissmm ion has
Wes of dispersion of an ensemble
I I 7 l l! . ll . m —

nica ion) behe es ha one reasonu vh! Adaboos Lvorks souvellis ha a eachsepi ries o

—Mﬁren one. Ami e al. (1999) gj e ananal/sis osha y

ha he Adaboos algori hm is aimed a keeping he cQ ariance beL yeen clas#t ers small.

7. Conjecture: Adaboost is a random forest

ey yresressessissssnninniny ¢ Do h a raining se and a se ofu yeigh s on he

raining se . Cons1der he folla. ying random fores : a large collec ion of K differen se s
-onev yeigh s on he raining se is de ned. Deno e hesev veigh s b/
w(1),w(2),...,w(K). Corresponding o hesev yeigh s are probabili ies p(1), p(2), ...,
- *n is one. Dra v from he in egers 1, ..., K according o hese probabili ies.
EEEE———, e e e T ng he raining se v vi hu veigh s
w(k).
trrrormeliieietitey 1.4 & Schapire, 1996) is a de erminis ic algori hm
T harsciver—heerersenlesssssseiomiay — 0 he new class er based on he mis-
T ~= v o rrere s ewie———— ¢ ]

-one
vyeigh sw(1), w(2), ..., w(50) (h& rs 25 vere discarded). The probabili / for he k h se
ofu yeigh s is se propor ional o Q(W;) = log[(1 — error(k))/error(k)]u there error(k) is
he w(k)w yeigh edTaimmmgsecrromet=trevimemmssmsslesiessssmay 1 250 imes.
Thist vas TepeaetdHo6-—Tmerorretemdesemmsa——" — 10% as a es se and
hen g eraging he es se errors. Oneach da ase , he Adaboos errorra et yas S, er! close o
fre—rrmcormtorsymsmeenesinsipeesian 1 is on he Wisconsin Breas Cancer da av vhere
—— AT CTAgC o2 oo ———Cc ] 2.94%.
In heﬁdabwﬁgnrhmﬁhm—nc ion de ermined b/

he base clas#t er. Deno e he k h clas®t er b! A(X, Wy). The oe of he k h clas# eris

LWrgl’red‘b‘“waﬁ-m-hean

D 1 wy) = j)Q(wk)/Zka). (10)
k k

ﬁc ion f ds ned on heL qelgh space, de ne he operaor Tf(W) = f(¢(W)).

e 71 (dw). Then (10)uyill con, erge o

el — 101 Q71 (dW) = Q (W)7 (dw)/ [ QW7 (av). If

*“—1 alen o arandom fores v vhere hev yeigh s on
WIOH Or.
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————————————— ] 2150 evplaint th! Adaboos does no g exr as more rees are added o
- e emsentbie—nrevresmmenwinisemsisssssssasnny — ' [ing. There is some evperimen al
Wam 1998),
*—smga er! simple base clas# er and ma/ no carr! g er o he
—WW ol 0000 rees on
—mm— D1 of daawnrhw—hrw
ﬂ—m does no sol e "he problem of ha.y Adaboos selec s he
WIOH of he
LT == o e g (W v

he random,, ec ors does no depend on he raining se .

7

8. The effects of output noise

——Diccricir 19983 =rirerredmsimisnsisnaenisiamm — [abcls in he raining se are
—reebessiiasisssinsisssmnn ac . of Adaboos degenera es, vhile bagging and random spli

Ws is of en presen ,
——S nessi vi h respec o noise is a desirable proper /. Folla. wmg Die erich (1998) he
- fottaTmrevpermrensm—s—s=deneyminssslssssmsinslay — onc in L ven / class labels (injec ing

5% noise).

For each da a se in heevpermemr 0% r—rrrdonmmmseskasessssssibommy 15 arc
T ,WW

isonanois!, ersionof he raining se . The nois!, ersionis go en b’ changing,a random,

‘Sq—uﬁhrdmrhbehmwﬂorml from he o her labels.
sslsneepeeinhtessnny sing Adaboos (de erminis 1c ersion), Fores RI and Fores -

el erssssssmm— < O NOise (%).
Daase Adaboos Fores -RI Fores -RC
Glass 1.6 4 -4
Breas cancer 43.2 1.8 11.1
Diabe es 6.8 1.7 2.8
Sonar 15.1 —6.6 4.2
Ionosphere 27.7 3.8 5.7
So/bean 26.9 32 8.5
Ecoli 7.5 7.9 7.8
Vo es 48.9 6.3 4.6

Lj er 10.3 -2 4.8
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Adaboos de eriora es nrarkedH T ir-S%rrorrerm— e ——— TC S
—geTeratt sl reesessbivesiisesesninisisssssm—m ! ' da a se dependen . vi h
——sessessmmmn 1 iclass da a se s, glass and ecoli, alongy vi h diabe es, leas effec ed b/ he noise.

The Adaboos algori hm i era j el ! increases hev yeigh s on he ins ances mos recen 1/
misclass ed. Ins ances hg ing incorrec class labels vill persis in being misclas# ed.
Then, Adaboos v vill concen ra e increasingu yeigh on hese nois! ins ances and become

rerresedskrem Tt serse e, Ds¢  of he

ins ances and he noise effec is smaller.

9. Data with many weak inputs

——jSeereyenpysisnmmmnn———— s ar¢ Decoming more common, i.e. in medical diagnosis,
EEE———————____maS rﬂre—ai—W)
Wl
' meesssssssssssmsnssmmnn 721 ne s and rees.

To see if here is a possibili / ha Fores -RI me hods canu vork, he folla. vying 10 class,

— et 11 DeT, selec ed ana. v

each imei appears)

do j=1,10

do k=1,1000
p(.k)=.2*rnd+.01
end do

end do

do j=1,10

do i=1, nin (400*rnd) !nin =neares in eger
k=nin (1000*rnd)

pG.K)=p(,k)+.4*rnd

end do

end do

don=1,N

j=nin (10*rnd)

do m=1,1000

if (md<p(j,m) ) hen
v(m,n)=1

else

v{m,n)=0

end if

(n)=j ! I(n) is he class label of he n h evample
end do

end do
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This code genera es a se of probabili ies {p(j, m)}u there j is he class label and m is he

e eesiseiiesienny — 5 for a class j evample are a s ring of M bmar arlableSL yih
he m h, ariable hg ing probabili { p(j, m) of being one.
For he raining W, ing
he same {p (j, k)}.ﬂ%vmmmun-cf—hrmdM—n' T - derlfing
W i . P I e i : |
2 “Ssm—mmg one kna.vs all of he {p (j, k)}, he Ba’es
s — T is 1.0%.

—r——— s 2r¢ independen of each o her, he Naj e Bafesclas#t eru yhiches ima es

m—treeiairenlssssssssssisssmy pposedl’ op 1ma1 and has an errorra e of 6.2%. This is

TTO—211T WWTW—M be eas! o crea e a dependence bev yeen

*—ld increase he Naj e Ba’es error rae. I'sa’eduvih his evample
———— R R Y We

———tessesiassay 11 of Fores -RIv i’ h F=1.1 con erged er! sla.vl/ and b/ 2,500

i eraions,uvhen i vvas s opped, i had s ill no con, erged The es se errorivas 10.7%.

The s reng hu vas 069Wm—he-mdaﬂurWh he

s reng hu vas la_y, he almos )ero correla ion mean ha v yeu vere adding small incremen s
—msesmmiemmm 12c/ as he i era ions proceeded.

Clearl/,1 vha v vas desiredu. yas an increase in s reng hu vhile keeping he correla ion la. v

T il —— T2 0D

I con erged af er 2,000 i era ions. The es se erroru vas 3.0%. The s reng hu vas .22, he

corréla ion 045 amtti2——9"4=Comrrm s iessslideann 11 i h /' = 25 and

s opped af er 2,000 i era ions. The es se erroruvas 2.8%. S reng hu yas .28, correla ion

.065 and c/s2 = .83.

'%—ﬂ“‘ce error ra es no far abg e he Ba/es error

I class ers arev yeak. For F/ =1, he g erage ree error ra e is 80%; for

F = 10,1 1s 65%; and for F = 25,1 is 60%. Fores s Seem o) ha e he abili / ouvork

Liih, erfy qeammﬂmmg Adaboos

———l—-q—h_————se he base clas® ers are 00

Lyeak.

10. Exploring the random forest mechanism

A fores of reesisimpene rable as far as simple in erpre a ions of i s mechanism go. In some
applica ions, analstsof Tedicr-evperTrenytomsmmplasssssssssiamy 1ders and he

Wac‘ A s ar on his problem is
wmg onl! selec ed

arlables
—“WS of he mh
"da.yn he COW of bag is 59 ed.
W of bag
chres—orerompebie—————————e——————  cl155 labc] of

Xn 0 gl e amisclass caionrae.
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30 1

percent increase

variable

keesiesieny ¢ O& ariable impor ance diabe es da a.

ﬁ— is he percemr crease ey -Of-bag
T Ta T et weskeni—s——— 7\ Of a fores L vi h
1,CCW ra ed b ! evamples.
P . o
] .. . _. . g eg4 —
The second ariable appears b/ far he mos 1mpor an fOll(L qed b/, ariable 8 and, ariable

uhen_ ariable 8 is added he error falls onl! 029.4%. When ariable 6 is
" added o, ariable 2) he error falls 026.4%.
The reason ha Aarlable 6 seems impor an, ‘e is no help once ariable 2 is en ered
is a charac eris ic' of ha.y dependen “ ariables affec predic ion error in random fores s
Sa! here are Lo, ariables x; and x>t vhich are iden ical and carr! sigm can predic i i e

————————remee—————————————"\C i1 2 random fores
W once x; is en ered

e an! decrease in error ra e. In
he diabe s da a se , he 8 h4 ariable carries some of he same informa ion as he second.

Wac . vhen combinedy vi h he second.
wés Of TISES TIT CITOT Toes=rre=frrmiviyesloksym
WSL vih

—————— 1 5.
Ano her in eres ing evample is he 0 mg da a. Thls has 435 evamples corresponding
o 435 Congress s. The class
SLjere mos impor an ,Lve again ran
" he noising , ariables program genera ing 1,000 rees. The la.yes errorra e on he original
*‘Iﬁ 6.

—ieieiiy e CTTOT TP e rrriteieeie—— i1 2
orHo—nrrile Wed The

7 T

A (3

e
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30 7
3
g 20 7
G
=
=
3 10
@
(=%

0
=10 T T T T T T
1 2 3 4 5 6 7 8
variable

e~ RS ovf‘» ariable impor ance-diabe es da a.
400 7
300
200

100 7

percent increase

-100 T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
variables

. md of‘~ ariable impor ance Loes da a.
y ¥

“—bhcans from Democra s almos asu vell as he o e on 4 combined
A E———
The approach gi enin his sec ion is onl! a beginning. More researchu vill be necessar!

7 . . e
—MA TC.

T

11. Random forests for regression

Random fores s for regresswn are formed b/ gra. ung rees depending on a random‘u ec or
s as opposed o class labels.

————————————————slsan ¢ ha e Taining se is independen 1/ dra. in
' Wred generalil a ion error for
7

———crical predic or h(X) is
Exy(Y — h(X))? (11)
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The random fores predic or is formed b/ aking he a erage g er k of he rees {h(X, ©,)}.
Similarl! o he classi caion case, he folla. ying holds: !

Theorem 11.1. As the number of trees in the forest goes to infinity, almost surrely,
Exy(Y —avih(X, ©p)* — Exy(Y — Eoh(X, ®))*. (12)
Proof: see Appendiwl. O

Deno e he righ hand side of (12) as PE*(fores )  he generali} a ion error of he fores .
De ne he g erage generalia ion error of a ree as:

PE*(ree) = Eg Exy (Y — h(X, 0))2
Theorem 11.2.  Assume that for all ©®, EY = Exh(X, ®). Then
PE*(forest) < pPE*(tree)

where p is the weighted correlation between the residuals Y — h(X, ®) andY — h(X, ®')
where ®, ®' are independent.

Proof:

PE*(forest) = Exy[Eo(Y — h(X, ®)]
= EoEo Exy(Y —h(X,0)(Y — h(X,0") (13)

The erm on herigh in(13)isa cQ ariance and can bev yri en as:
1

EoEe (p(©,0)sd(©)sd(0")

L vhere sd(®) = \/Ex’y (Y — h(X, ©))2. De ne heu yeigh ed correla ion as:

p=EoEe(p(®,0)sd(©)sd(®))/(Eesd(®))? (14)
Then

PE*(forest) = p(Eesd(©))? < pPE*(tree). 0
. roorsmnsinimnnslssyeesssssismnnn 72 ¢ regression fores s la. y correla-

————eessessisssssssmmam (s and la. g error rees. The random fores decreases he 3 _erage error

of he rees emplo/ed b/ he fac or p. The randomira ion emplo/ed needs "o aim a la.y
correla ion.
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12. Empirical results in regression

J—M—re selec ion on op of bagging. Therefore, 1 ve
m—-of-bag es ima ion o gj e es ima es of PE*(fores ),
PE*( ree) and p. ThesM
—med We commen la er on ha. y
—— ST O U ey p—seisneiiste— 5 d,
i i i, SR — ed,

see Table 5.
S felyeyensvsssssssnisenlinssssithy —<ing, Abalone and Sea 0 are 3 ailable a he UCI
reposi or{. The Robo Arm da av vas prg ided b’ Michael Jordan! The las hree da a
se s are s/n he ic. The! origina ed in Friedman (1991) and are also described in Breiman

05 mmiiveyemsmenissnssssslssssnmy scd 0 compare adap i e bagging o bagging (see
Breiman, 1999)—evtep—ha—mW

bo h b’ o her researchers and m/self, is elimina ed.

Ther rs hree da a se s lis ed are modera e in si>e and es se erroriyas es ima ed b/
wing he
—mmimbemm— 107 as a es se . Thisi vas repea ed 100 imes and he es se errors a eraged.

The MFW arlables I orlgmall !

camev i h 25% of he ins a

T TarToTTR s heesesnt el ¢ a5 2 es se , repea ed his 10 'imes and

g eraged.

ﬁabb-é-g-——ared error for bagging, adapl e bagging and he
Wes each a random hnear combina ion of

——esseniisier—rreylsnslasssiassssisiagy ¢ 2 random combina ion of 1. yo

————————eisian 15 Tt Ser oot s sslnnkilessssiany ¢ “don’ spli

if he node sixe is <5_v yas enforced.

An in eres ing difference bev yeen regression and clas#t caion is ha he correla ion

—“—sed increases. The major effec is he

(&

PE*( ree) and ge near op imal es se érror.

sininiei e mar

i s————— #Training #Tes

i 12 506 10%
O:one 8 330 10%
Sei o 4 167 10%
Abalone 8 4177 25%
Robo Arm 12 15,000 5000
Friedman#1 10 200 2000
Friedman#2 4 200 2000

Friedman#3 4 200 2000
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einntesbdesnnny rcd es se error.
Daase Bagging Adap . bag Fores
e i g 114 9.7 10.2
Orone 17.8 17.8 16.3
Sef&o x10—-2 24.5 25.1 24.6
Abalone 4.9 4.9 4.6
Robo Arm x 10 — 2 4.7 2.8 4.2
Friedman #1 6.3 4.1 5.7
Friedman #2 x 10+ 3 21.5 21.5 19.6
Friedman #3 x 10 — 3 24.8 24.8 21.6

—— |5 ST Pt Crrrereyemonsbesssssentiy ¢ s is al ja/s be er
han bagging. In da a se s forv thich adap | e bagging gi es sharp decreases in error, he
—%ﬂlced In da ase s inu vhich adap i e bagging
Bl T IO TP e n e — CC | 1mpr0 emen s.
#s combined, g_er au vide rhnge, he error does no change
—*ﬂ“—sed is 0o small, PE*( ree) becomes oo
———leesessi e esesseiseslesunmanny D 2nd  he
T T T T T sl esssssssiasny 11 ber of
*‘F__ PE*( ree) compensa es b/ decreasing.
Frivtemmpmeyisemssmssm————— - 0f-bag error es ima es, and he OB es ima es for

PE*( ree) and he correla ion.
As evpec ed, he OB Error es ima es are consis en 1/ high. I isla.yin herobo armda a,
——I-behu“—sed b! separa e raining and es se s,.vhere he es
se ma/ hfi e a sligh 17 higher error ra e han he raining se .
I , . ; ot . I ; — — s
Evemmesmbittihesissslseessssssnsnanitn < sian noise is added o each of he

——ﬁhrrmam_ml o he s andard d% ia ion of he
Table 7. Error and OB es ima es.
Da a Se Tes error OB error PE*( ree) Cor.
ki g 10.2 11.6 26.3 45
O one 16.3 17.6 32.5 .55
Ser, 0 x10 -2 24.6 27.9 56.4 .56
Abalone 4.6 4.6 8.3 .56
Robo Arm x10 —2 4.2 3.7 9.1 41
Friedman #1 5.7 6.3 15.3 41
Friedman #2 x 10 + 3 19.6 20.4 40.7 Sl

Friedman #3 x 10 — 3 21.6 229 48.3 49
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it rcd es se error.

Daase Wi h bagging ‘Wi h Noise

e ———in g 10.2 9.1
O:one 17.8 16.3
Ser ox10—-2 24.6 232
Abalone 4.6 4.7
Robo Arm x10 —2 4.2 3.9
Friedman #1 5.7 5.1
Friedman #2 x 1043 19.6 20.4
Friedman #3 x 10 — 3 21.6 19.8

G e . . ) . s,
each aramdonr Hrearcomnrrreronmetssssenssnsssminggy —s, 0 spli each node. The
—— | 5 arc gi en in Table 8.
The errof ra es on her TsTTotr ooty ——"———
W ra1 e of he

—TvTOTr———e combina ions of randomness can be added
o seet yha v yorks he bes . !

13. Remarks and conclusions

~Ramdonrforesrrremmretieememi—iberversiii iy bers

he! do no Q m—hgern-rg—hmgh—maGdaSS ers

#—rhennwe,—hc-&aﬂmwl predic-
ors and heir correla ions gi es insigh ino he abili / of he random fdres o predic .

——mm—————— - O - bag—es—rrrmnn-nmkn-Ms of s reng h

and correla ion.

ﬂ;m—a-rwm&c—hecurmmul-lml_—ld no compe e i h arcing
e ———————— 1cad © in eres ing

———— 5 (0T BUOS T et e s iiviii—" ¢ bias as. vell as, ariance

(Schapire e al., 1998). The adap ie bagglng algori hm in regression (Breiman, 1999)L jas

#e bias and opera es effec i i el! in clas# ca ion asu vell as in regression.
—— like arcing, i also changes he ralnmg se asi progresses.

# s compe i 1 ev vi h boos ing and adap i e bagging, /e dono progres-

™= &—We bias. The
M—S Random fores s ma/! also be ia. yed as a Ba/esian pro-
Wd evplain he bias
——c ion, I migh become more of a Ba/esian.
—S—pee | s in clas#i caion less so in
—resrerrorshcenkimipannie———iee——— T .

I mali weﬂ—be—ha—u-hm—‘pm s. For ins ance, one
st ST oo sismmmss e TCS .
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wgw can be go en b/ combining

d—reun h boos ing. For he larger daa ses,i seems ha sigm can 1/ la ver

—rrorpeeersespishanitunnm———— 15, € 2O errors as la.yas 5.1% on he )ip-code da a,

2.2% on he le ers daaand 7.9% on he saelli e da a. The i imprg_emen v {as less on he

S —STafiertrrreyivorennenisanmssasssineniesnstenny 0 ccs  ha differen injec ions
i — ] .

A TeeerpapertErerremniestminymanimismly —i0n space for L vo class problems,

Men saregj en ha

randomness (la. y correla ion) enforces he s/mme r! of he kernelL vhile s reng h enhances
. . , 1
role of correla ion and s reng h. The heore ical frama. york g}b en b/ Kleinberg (2000) for

S-ocirresenmmneasnneniasiessiagigy 1ders anding.

Appendix I: Almost sure convergence

misoeinginiibanutnesintinmimn % ccs o0 sha.y ha here is a se of probabili ! Yero C on he
et esesiasianmy — side of C, for all X,

1 N
5 2 10O, = ) > Po(h(©,%) = j).
n=1

——Forar—ved—raire—e————— il —— 110N Of

I perTer it ot c it 11i0ns of h/per-
rec angles, deno ed b! Sy, ..., Skx. De ne p(®) = kif {X: h(®,X) = j} = S;. Le Ny be

—ssssssssmmasm 0 ber of imes ha ¢(®,) = kin hex rs N rials. Then

—Zl(h((an,x)_j) ZNkl(xeSk)
k

n=1

peisesleesdinsngmid 11 bers,

1 N
Ne= ) 1@(©,) =k)
n=1

cor errormymsniimeuscsineiiismgs nions of all he se s onu vhich cogk ergence does
0 s eyt —————— 5 d¢ Of C,

T 7

= Zl(h«an, X) = j) = Z Po(9(®) = K)I (X € Sp).

nl

The righ hand side is P (h(®, X) = j. O
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Proof of theorem 9.1:—Thercarcor—rre-ye——irisemnsssnmissninsssssiigmy h ha
} _— N Aecorsin R hen

d

=yr M oY
ws I(X € S)yi. The res of he proof parallels ha of Theorem

1.2.
Appendix I1: Out-of bag estimates for strength and correlation

milyonpninnissnsies—" 1 lc

QX j) =Y _I(h(X,Op) = j; (y.X) ¢ Tk,s)/ D 1) ¢ Tep).
k k

et -Of-bag propor ion ofA oescas a X forclass j, and is an es ima e
for Pg(h(X, ®) = j). From De niion 2.1 hé s reng his he evpec a ion of

Po(h(X, ®) = y) — mawPg(h(X, ©) = j)
J#Y

—mmmiesm 02 O (X, j), Q(X, y) for Po(h(X, ®) = j), Pe(h(X,®) = y)in hisla er evpres-
sion and aking he g erage g er he raining se gl es he s reng hes imae.

From Eq. (7),

p =, ar(mr)/(Eesd(©))*.

T

The‘v ariance of mr is
(A1)

e

Exy[Po(h(x,®) =y) — q;;wa@(h(x, )= pHI*—s°

wvhere s is he s reng h. Replacing h& rs ermin (Al) b/ he a erage g er he raining se

of
(Q(X, y) — mawQ (X, j))?
J#£Y

—beslsiesiaay—-0f-bag es ima e of s gL es heesimae ofA ar(mr). The s andard d(i ia ion
(A2)

is gi en b/
4,

sd(®) = [p1 + p2 + (p1 — p2)*1'/?

L vhere

p1=Exy(h(X,0)=Y)
p2 = Exy (h(X, ©) = j(X,Y))



32 L. BREIMAN

il ——————————— C ] (X, }) fOr
g er/ evample in he raining se . Then, le p; be he g erage g erall (y,X)in he raining
—— no in he k hbagged raining se of / (h(X, Ok) =y). Then p2is he similar g erage

We hese es ima esin 0 (A2) oge anes imae ofsd(G)k)
erage he sd(®;) o erallk oge he nalesima e of sd ().
g Q g
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