ON A PROBLEM OF ARNOLD: THE AVERAGE
MULTIPLICATIVE ORDER OF A GIVEN INTEGER

PAR KURLBERG AND CARL POMERANCE

ABSTRACT. For g,n coprime integers, let £4(n) denote the multi-
plicative order of g modulo n. Motivated by a conjecture of Arnold,
we study the average of £,(n) as n < z ranges over integers coprime
to g, and = tending to infinity. Assuming the Generalized Riemann
Hypothesis, we show that this average is essentially as large as the
average of the Carmichael lambda function. We also determine the
asymptotics of the average of ¢,(p) as p < x ranges over primes.

1. INTRODUCTION

Given coprime integers g, n with n > 0 and |g| > 1, let £,(n) denote
the multiplicative order of g modulo n, i.e., the smallest integer & > 1
such that ¢* =1 mod n. For z > 1 an integer let

n<x
(n,9)=1

essentially the average multiplicative order of g. In [1], Arnold conjec-
tured that if |g| > 1, then

Ty(x) ~ c(g)—

logx’

as © — oo, for some constant ¢(g) > 0. However, in [12] Shparlinski
showed that if the Generalized Riemann Hypothesis' (GRH) is true,
then

Ty(z) > exp (C’(g)(log log log x)s/z) ,

log
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'What is needed is that the Riemann hypothesis holds for Dedekind zeta func-
tions (k. (s) for all n > 1, where K, is the Kummer extension Q(e?7/™, g/™).
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where C'(g) > 0. He also suggested that it should be possible to obtain,
again assuming GRH, a lower bound of the form

X
T >
g(x) = logx

exp ((loglog log z)*TW) |
as T — 00.
Let

- _ 1 —
(1) B=e¢"]] (1 PRSI 1>> = 0.3453720641 . . .,

p

the product being over primes, and where v is the Euler-Mascheroni
constant. The principal aim of this paper is to prove the following
result.

Theorem 1. Assuming the GRH,
Blogl
13(0) = o enp (T (14 o(1) )

- log x log log log x

as x — oo, uniformly in g with 1 < |g| < logxz. The upper bound
implicit in this result holds unconditionally.

Let A(n) denote the exponent of the group (Z/nZ)*. Commonly
known as Carmichael’s function, we have ¢;(n) < A\(n) when (g,n) = 1,
so we immediately obtain that

T,(x) < - 3" A),

and it is via this inequality that we are able to unconditionally establish
the upper bound implicit in Theorem 1. Indeed, in [2], Erdés, Pomer-
ance, and Schmutz determined the average order of A(n) showing that,
as r — 00,

@ I e (L (1 o) )

— ~logzx log log log x

Theorem 1 thus shows under assumption of the GRH that the mean
values of A(n) and ¢,(n) are of a similar order of magnitude. We know,
on assuming the GRH, that A(n)/¢,(n) is very small for almost all n
(e.g., see [4, 7]; in the latter paper Li and Pomerance in fact showed
that A\(n)/f,(n) < (logn)°leelosloen) a5 n — 00 on a set of asymptotic
density 1), so perhaps Theorem 1 is not very surprising. However, in
2] it was also shown that the normal order of A\(n) is quite a bit smaller
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than the average order: there exists a subset S of the positive integers,
of asymptotic density 1, such that for n € S and n — oo,

A(n) = n

(log TL) log log log n+A+(log loglog n)—1+o(1) ?

where A > 0 is an explicit constant. Thus the main contribution to
the average of A\(n) comes from a density-zero subset of the integers,
and to obtain our result on the average multiplicative order, we must
show that /,(n) is large for many n for which A\(n) is large.

We remark that if one averages over g as well, then a result like our
Theorem 1 holds unconditionally. In particular, it follows from Luca
and Shparlinski [9, Theorem 6] that

Blogl
—Z 2 1 exp (1 log fgx (1+ 0(1)))
= (1<g)<7; ogx ogloglog
g,n)=

as xr — 00.

We also note that our methods give that Theorem 1 still holds for
g = a/b a rational number, with uniform error for |a|, |b| < logz, and
n ranging over integers coprime to ab.

1.1. Averaging over prime moduli. We shall always have the let-
ters p, g denoting prime numbers. Given a rational number g # 0, +1
and a prime p not dividing the numerator or denominator of g, let £,(p)
denote the multiplicative order of ¢ modulo p. For simplicity, when p
does divide the numerator or denominator of g, we let £,(p) = 1. Fur-
ther, given k € Z™T, let

Dy(k) = [Q(g"*,e*™/%) : Q]

denote the degree of the Kummer extension obtained by taking the
splitting field of X*—g. Let rad(k) denote the largest squarefree divisor
of k and let w(k) be the number of primes dividing rad (k).

Theorem 2. Given g € Q, g # 0, £1, deﬁne

o(k)rad(k)(—1)~®
Z D0

The series for c, converges absolutely, and, assuming the GRH,

1 1 x
7T(LL’) Zgg(p) = 569 r+0 ((10g$)2—4/10g10g10gm) ’

p<w

Further, with g = a/b where a,b € Z, the error estimate holds uniformly
for|al, |b] < x.
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At the heart of our claims of uniformity, both in Theorems 1 and 2,
is our Theorem 6 in Section 2.

Though perhaps not obvious from the definition, ¢, > 0 for all g #
0,%1. In order to determine c,, define

c::1;I<1—

the product being over primes; ¢, turns out to be a positive rational
multiple of c¢. To sum the series that defines ¢, we will need some further
notation. For p a prime and o € Q, let v,(«) be the exponential p-
valuation at «, that is, it is the integer for which p~"(®« is invertible
modulo p. Write g = 4gf where h is a positive integer and gy > 0 is
not an exact power of a rational number, and write gy = g193 where g,
is a squarefree integer and g, is a rational. Let e = v9(h) and define
A(g) =g1if g1 =1 mod 4, and A(g) = 4g; if g1 =2 or 3 mod 4. For
g > 0, define n = lem[2°T! A(g)]. For g < 0, define n = 2g; if e = 0
and gy =3 mod 4,0ore =1and g; =2 mod 4; let n = lem[2°72, A(g)]
otherwise.

Consider the multiplicative function f(k) = (—1)*®rad(k)(h, k)/k>.
We note that for p prime and 7 > 1,

f(p]) _ _p1—3j+min(j,vp(h)))‘
Given an integer ¢t > 1, define F(p,t) and F(p) by

t—1

i 1) — 0.5759599689 . .. .

fW), Fp) =) f()

Jj=0 J=0

In particular, we note that if p t h, then

) Fp)=1=3 Y =1 S
j=1

Proposition 3. With notation as above, if g < 0 and e > 0, we have

—CH _F(26+1—1+H(1_ p,vp( ))) |

plh Fp)

otherwise

cg_c.Hlfig. 1+H( pg >>>

3__
plh pr-1 pln
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For example, if ¢ = 2, then h =1, e = 0, and n = 8. Thus

B F(2,3) B 1—2/(2Y)3 —2/(2%)3 159
02—c~(1+1— F2) >—c-(2— 1—2/B=1) )—C'ﬁ'

We remark that the universal constant ¢ = Hp (1 = pgﬁ 1) is already

present in the work of Stephens on prime divisors of recurrence se-

quences. Motivated by a conjecture of Laxton, Stephens showed in [13]
that on GRH, the limit

lim ! Z ty(p)

z—oo T(x) “~p—1

p<z

exists and equals ¢ times a rational correction factor depending on g. In
fact, from the result it is easy deduce our Theorem 2 with a somewhat
better error term. However, Stephens only treats integral g that are
not powers, the error term is not uniform in g, and, as noted by Moree
and Stevenhagen in [10], the correction factors must be adjusted in
certain cases.

Theorem 2 might also be compared with the work of Pappalardi [11].
In fact, his method suggests an alternate route to our Theorem 2, and
would allow the upper bound

as x — 00, to be established unconditionally. The advantage of our
method is that it avoids computing the density of primes where g has
a given index.

Finally, Theorem 2 should also be contrasted with the unconditional
result of Luca [8] that

p—1

=30 o 2 ) = e+ 0(1/loga)”)

() —

p<z

Q

for any fixed k > 0. By partial summation one can then obtain

1 1 1
@) Zp_ . Zﬁg(p) ~ 51T as T = 00,
p<z g=1

a result that is more comparable to Theorem 2.
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2. SOME PRELIMINARY RESULTS

For an integer m > 2, we let P(m) denote the largest prime dividing
m, and we let P(1) = 1.

Given a rational number g # 0,+1, we recall the notation h,e,n
described in Section 1.1, and for a positive integer k, we recall that
D, (k) is the degree of the splitting field of X* — g over Q. We record
a result of Wagstaff on D,(k), see [14], Proposition 4.1 and the second
paragraph in the proof of Theorem 2.2.

Proposition 4. With notation as abowve,
o(k) - k
(k, h) - eg(k)
where ¢ is Euler’s function and €,(k) is defined as follows: If g > 0,

(4) Dy(k) =

then
2 if nlk,
co(k) = {1 i;n|f k.
If g <0, then
2 if n|k,
(k) == q1/2 if 2|k and 2T | k,
1 otherwise.

We also record a GRH-conditional version of the Chebotarev den-
sity theorem for Kummerian fields over Q, see Hooley [3, Sec. 5] and
Lagarias and Odlyzko [6, Theorem 1]. Let iy(p) = (p — 1)/4,(p), the
index of (g) in (Z/pZ)* when g € (Z/pZ)*.

Theorem 5. Assume the GRH. Suppose g = a/b # 0,£1 where a,b
are integers of absolute value at most x. For each integer k < x, we
have that the number of primes p < x for which k | iy(p) is

1
Dy(k)
Note that k | i,(p) if and only if 2* — g splits completely modulo p.
Also note that the trivial bound x/k is majorized by the error term in
Theorem 5 when k > x/2/logz. In fact, the error term majorizes the
main term for k > x1/4.
We will need the following uniform version of [5, Theorem 23].

Theorem 6. If the GRH 1is true, then for x,L with 1 < L <logx and
g =a/b# 0,£1 where a,b are integers with |a|, |b| < x, we have

Hm:@@)s%l}

m(z) + O(z*log ).

m(z) hr(h)  wxloglogx
L ¢(h) log? z
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uniformly, where T(h) is the number of divisors of h.

Proof. Since the proof is rather similar to the proof of the main theorem
in [3], [4, Theorem 2|, and [5, Theorem 23|, we only give a brief outline.
We see that ¢,(p) < (p — 1)/L implies that i,(p) > L. Further, in the
case that p | ab, where we are defining /,(p) = 1 and hence i,(p) = p—1,
the number of primes p is O(log x). So we assume that p { ab.

First step: Consider primes p < x such that i,(p) > z'/?log® x. Such
a prime p divides a¥ —b* for some positive integer k < /2 / log? . Since
w(|a® — b*|) < klogz, it follows that the number of primes p in this
case is O((z'/?/log® x)?log z) = O(z/log® x).

Second step: Consider primes p such that ¢ | i,(p) for some prime ¢ in

the interval T := [,
primes p < z such that p = 1 (mod ¢) for some prime ¢ € I. The Brun—
Titchmarsh inequality then gives that the number of such primes p is

at most a constant times

x x 1 xloglog x
—_ 0 < - KL —.
Z o(q)log(z/q) log x quI q log® z

qel

z'/?1og? ). We may bound this by considering

Third step: Now consider primes p such that g | iy(p) for some prime
¢ in the interval [L, 12”;7/1) In this range we use Proposition 4 and

Theorem 5 to get on the GRH that

m(x)(q, h)
q6(q)

Summing over primes ¢, we find that the number of such p is bounded
by a constant times

h h
(R ng) o T, r
Sz q log” x

’log2 @

{p<z:q|isp)} < +z'?logx.

q€[L

Fourth step: For the remaining primes p, any prime divisor ¢ | i,(p)
is smaller than L. Hence i4(p) must be divisible by some integer d in
the interval [L, L?]. By Proposition 4 and Theorem 5, assuming the
GRH, we have

m(x)(d, h)

(5) {p<z:dfig(p)} < 2W4‘0($1/210g95)-

Hence the total number of such p is bounded by

TR vy, ) o T hr(h)
Py S R R s




8 PAR KURLBERG AND CARL POMERANCE

where the last estimate follows from

TR DU SID DISCLED S Dyt s

de[L,L?} mlh de[L,L?] m|h k>L/m
m|d

m  h m_ ¢(h) _ hr(h)
<2 Tom) ~ To) 2 9m) b © Lo(h)

Here we used the bound Y, = o < 1/T for T'> 0, which follows
by an elementary argument from the bound E,QT zz < 1/T and the

identity k/o(k) = Z]‘k ¢( . Indeed,

Z/@ Z¢ le _Z¢ Zi<<%

E>T I>T/j j>T

O

Corollary 7. Assume the GRH is true. Let m > 2 be an inte-
ger and x > 107 a real number. Let y = loglogz and assume that
m < logy/loglogy. Let g = a/b # 0,£1 where a,b are integers with
lal, |b] < exp((logx)*/™), and let h be as above. Then uniformly,

> oLevlnt ¥
p<z p qlh, q>m
P(ig(p))>m
Proof. This result is more a corollary of the proof of Theorem 6 than
its statement. We consider intervals I; := (&/,e/*!] for j < loguz,
J a non-negative integer. The sum of reciprocals of all primes p <
exp((log 2)*/™) is y/m + O(1), so this contribution to the sum is under
control. We thus may restrict to the consideration of primes p € I;
for j > (logx)Y™. For such an integer j, let t = e/*1. If ¢ | i,(p) for
some prime ¢ > t'/2log” ¢, then ¢,(p) < t'/2/log’t, and the number of
such primes is O(3_;<1/2/1542 K log |ab]) = O(tlog lab|/log* t), so that
the sum of their reciprocals is O(log |ab|/log"t) = O((logz)>™/j%).
Summing this for j > (logz)"/™, we get O(1), which is acceptable.
For J := (t'/2/log?t,t'/?log?t], with t = &/, we have that the
reciprocal sum of the primes p € I; with some ¢ € J dividing 7,(p) (so
that ¢ | p — 1) is O(loglogt/log®t) = O(logj/j?). Summing this for
j > (logz)"/™ is o(1) as x — oo and is acceptable.
For ¢ < t'/2/ log?t we need the GRH. As in the proof of Theorem 6,
the number of primes p € I; with ¢ | i,(p) is bounded by a constant
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times

t (g,h) 1/2
———~ +t/"logt.
logt ¢ * ©8

Thus, the reciprocal sum of these primes p is

(q,h)  logt\ ((q,h)  j
O(qzlogt+t1/2 =0 q%j —i_ejW '

We sum this expression over primes ¢ with m < ¢ < e//2/52 getting

1 1 1 1
ntogn 5 2 0 P

qlh, g>m

Summing on j < logx completes the proof. O

3. PROOF OF THEOREM 1
Let x be large and let g be an integer with 1 < |g| < logz. Define
y=loglogz, m=ly/log’y], D =ml,

and let
Sg={p<z:(p—1,D)=2k}.
Then Sy, Ss,...,Sp/ are disjoint sets of primes whose union equals
{2<p <z} Let
- p—1
) 5= {pescinta I 0}

be the subset of S; where /,(p) is “large.” Note that if £ < logy,
p € Sp\ Sk, and p 1 g, there is some prime ¢ > m with ¢ | (p— 1)/¢,(p),
so that P(i,(p)) > m. Indeed, for = sufficiently large, we have logy <
m/2, and thus k& < log y implies that each prime dividing D also divides
D/(2k), so that (p — 1, D) = 2k implies that the least prime factor of
(p —1)/(2k) exceeds m.
Thus, from Theorem 6,
w(x) hr(h)

S\ Skl < [p @ s byp) < pfm} + 301 < S0
|

uniformly for k < logy. Using this it is easy to see that Sy and Sy are
of similar size when k is small. However, we shall essentially measure
the “size” of Sj or S’k by the sum of the reciprocals of its members and
for this we will use Corollary 7. We define

E&;F: j{: ;%

PESk
1<p®<zx
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and

Ek = Z ]%.

Pegk
1<p*<z

By Lemma 1 of [2], uniformly for k& < log®y,
(8) Ej, Py (1+0(1))

B logy
where
e 1 q—1
) A= (- o) T 5
koo (q=1)) r,4-2
Note that, with B given by (1),
10 — = B.
(10) ; o

The following lemma shows that not much is lost when restricting
to primes p € Si.

Lemma 8. For k < logy, we uniformly have
- log®
Ey,=FEy- (1+O(Og y) )
Y
Proof. By (8) and (9), we have
(11) Ep >

vy S
klogy ~ log®y’

and it is thus sufficient to show that > ¢35 1/p < log® i since the
contribution from prime powers p® for a > 2 is O(1). As we have seen,
if k <logy and p € Sy, \ Sk then either p | g or P(iy(p)) > m. Hence,
using Corollary 7 and noting that the hypothesis |g| < logz implies
that h < y and so h has at most one prime factor ¢ > m, we have

1
> = iog] <%
N 0
PEER\Ey b yrioe'y
This completes the proof. O

Lemma 9. We have

S 2o B4

koo 2k logy
where B is given by (1).
Proof. This follows immediately from (8), (9), and (10). O
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Given a vector j = (j1, jo, - .., jp/2) With each j; € Z>, let
I3[l == J1 +Jj2+ ...+ jpje
Paralleling the notation ;(x;j) from [2], let:

° Ql(a:; j) be the set of integers that can be formed by taking
products of v = ||j|| distinct primes pq, pa, ..., p, in such a way
that:

— for each i, p; < 2Y/¥’, and
— the first j; primes are in S, the next j, are in Sy, etc.;

o Oy(x:j) be the set of integers u = pypy---p, € Q(x;j) such
that (p; — 1,p; — 1) divides D for all ¢ # j;

o Q3(x:j) be the set of integers of the form n = up where u €
Qs(z;j) and p satisfies (p — 1, D) = 2, max(z/(2u), z'/¥) < p <
z/u and £,(p) > p/y%;

o Q4(x:j) be the set of integers n. = (p1ps - - - py)p in Q3(z;j) with
the additional property that (p — 1,p; — 1) = 2 for all 4.

(In the third bullet, note that the max is not strictly necessary since
when z is sufficiently large, z/(2u) > z'/¥.)

3.1. Some lemmas. We shall also need the following analogues of
Lemmas 2-4 of [2]. Let

J:={j:0<jx < Ey/k for k <logy, and jr = 0 for k > logy}.
Lemma 10. Ifj e J, n € Qu(x;j), and z > x,, then

AOEN | JCOR
k<logy
where x1,c1 > 0 are absolute constants.
Proof. Suppose that n = (p1pa -+ py)p € Qu(x;j). Let d; = (p; — 1, D),
and let u; :== (p; — 1)/d;. By (7), u; divides ¢y(p;) for all i, and by
the definition of Q3(z;j) we also have ¢,(p) > p/y*. Since (p —1)/2 is

coprime to (p; — 1)/2 for each 7 and each (p; — 1,p; — 1) | D for i # j,
we have uq,...,u,, p — 1 pairwise coprime. But

ly(n) = lcm[ﬁg(p1)7 ly(p2),- - Ly(pu), Eg(p)],
so we find that, using the minimal order of Euler’s function and ¢,(p) >

p/v?,
ly(n) > ugug - - - uly(p) > o(n)

Tyt H?:l d;
n T

> l _ > l ,
y? - loglogn - Hk:l (2k)7 y? - Hk:l (2k)7x
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(recalling that d; = (p; — 1, D) = 2k if p; € Sy, and that n € Qu(x;j)
implies that n > x/2). O

Lemma 11. Ifje J, u e Qg(az;j), and x > 1o, then
Hp:up e Q4(:E;j)}| > cox/(uylog x)

where x5, co > 0 are absolute constants.
Proof. Note that for j € J, ||j|| < 32t _, Ex/k < y/logy by (8) and (9).
For such vectors j, Lemma 3 of [2] implies that the number of primes p
with max(z/2u, 2'Y) < p < x/u, (p—1,D) =2, and (p—1,p; — 1) =2
for all p; | wis > z/(uylogx). Thus it suffices to show that

{p <z/u:(p—1,D) =2, 4,p) < p/y*}| = o(z/(uylogx)).

As we have seen, for j € J, ||j|| < y/logy, so that u € Qy(z;j) has
u < zV/¥* for all large x. Thus, Theorem 6 implies that

7(x/u) x x
Yok < —0 .
y? uy?log x uy log x

p<z/u
Le(p)<p/y?

The result follows. U

Lemma 12. Ifj € J, then for x > x3,

1 —c3y loglogy E,]j
— > e ——— —_—
E > exp ( | | ,

2 |
SO ER) log™y k<iogy 7
where x3,c3 > 0 are absolute constants.
Proof. The sum in the lemma is equal to
1 1
il g | ce
J1:J2: Jllogy]* (p1.02 P1P2 y2

----- Du)
where the sum is over sequences of distinct primes where the first j; are
in S, the next j, are in Sy, and so on, and also each (p; — 1L,pj—1)| D
for i # 7. Such a sum is estimated from below in Lemma 4 of [2] but
without the extra conditions that differentiate Sk from Sy. The key
prime reciprocal sum there is estimated on pages 381-383 to be

log1
E, (1+0 (w» |
log y

In our case we have the extra conditions that p { g and (p — 1)/2k |
¢,(p), which alters the sum by a factor of 1+ O(log” y/y) by Lemma 8.
But the factor 1 + O(log® y/y) is negligible compared with the factor
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14 O(loglogy/logy), so we have exactly the same expression in our
current case. The proof is complete. U

3.2. Conclusion. For brevity, let | = [logy|. We clearly have
1
Ty(z) > EZ Z ly(n).
J€T neQq(zj)

By Lemma 10, we thus have

y jedJ k=1 NEQ4(1‘;j)
Now,
> 1= > L
n€lly(x;j) u€Q (w3j) up€fla(z;j)

and by Lemma 11, this is

x
> Z uylog x’

u€Q (235)

which in turn by Lemma 12 is

; ,
T —csy loglo EJx
> exp ( 3y 10g gy) H k

ylogx log?y P Ji
Hence
. ‘
x —czy loglog y _. B
10) > oy (L) S Tap L
|
ytlogx log”y o3 kol Jk:
Now,
! j ! (Ex /K] j
|k (Ex/2k)7*
> [ -7 (3 B2
| |
jed k=1 Jes S\ o Jk:

Note that Z?Zo w? /5! > €¥ /2 for w > 1 and also that Fj/2k > 1 for x
sufficiently large, as Ey > y/(klogy) by (11). Thus,

! ; !
L E,
> [ J2k) =k > 27 > .
jeJ k:l( ) Ji! o (k:l Qk)
Hence

l
x —czyloglogy\ ., By
Ty(x) > Jilogz exp (—) 27 exp (E 5% |

log®y
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By Lemma 9 we thus have the lower bound in the theorem. The proof
is concluded.

4. AVERAGING OVER PRIME MODULI — THE PROOFS

4.1. Proof of Theorem 2. Let z = logz and abbreviate ¢,(p), i,(p)
with ¢(p),i(p), respectively. We have

dtp)= > )+ Y Up)=A+E,

p<z p<z p<w
i(p)<z i(p)>z

say. Writing £(p) = (p — 1)/i(p) and using the identity 1/i(p) =
D uli(p) M(V)/u, we find that

A — Z<p—1) (v)

p<z uvl|i(p) u
i(p)<z
D D ST S
p<z wvli(p) p<z uvli(p)
uv<z i(p)>z uv<z
= Al - E17

say. The main term A; is

A1:Z¥ Z(p—l).

uv<z p<lz
uvli(p)

By a simple partial summation using Theorem 5, the inner sum here is
Li(x?)
Dy(uv)

assuming the GRH. Thus,

Ay = Li(2?) ( ul/;(—zjt)w)> +0 <x3/2 1ogxz

uv<z n<z

+0 (a:3/2 log x)

ZM

uv=n

) |

The inner sum in the O-term is bounded by ¢(n)/n, so the O-term is
O(2%/%1og® r). Recalling that rad(n) denotes the largest squarefree di-
visor of n, we note that -, p(v)v =], (1-p) = (—1)“® p(rad(k)),
and hence

plo) o s (1)*®e(rad(k))
uD,(uv) ; D,(k)k D, (k)k

uv=
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On noting that ¢(rad(k)) = ¢(k)rad(k)/k, we have

p(v) (=D)“®rad(k)p(k)
~ uD,(uv) 2 D, (k)2 ~

Thus, with w(h) = hT(h)/gb(f;)
> W - Z rad k)¢(k) =cg+O(Y(h)/z),

uv<z

by Proposition 4 and the same argument as in the fourth step of the
proof of Theorem 6 (in particular, see (6).) It now follows that

Ay = Li(2%) (¢g + O(¥(h)/2)) -

It remains to estimate the two error terms F, E;. Using Theorem 6,
r xloglogx

we have 2

z log? z log T
Toward estimating E, note that

Z p(v <y Z (v -y ¢<ra3(d)) <

uv|n d|n v|d dln
uv<z d<z d<z

Further, from the last sum we get

—1
n) <] (1+—+ +p—) < 2w

p%|ln
p<z

where n, denotes the largest divisor of n composed of primes in [1, z].

We have
B <) (0= DEGR) <z > £GP
p<w p<zx
i(p)>z i(p)>z

Let w := 4log z/ log log z. We break the above sum into three possibly
overlapping parts:

El,l = Z fZ(Z(p»’ E1,2 =T Z fz(z(p»’

p<zx p<x

i(p)>z z<i(p)<a/?log? x
w(i(p)2)<w (i(p)) >0
Eg:=z )  f(ip):
p<z

i(p)>z1/2log? x
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Using Theorem 6, we have

x%loglog
By <2 Y 1< 2u(h) 000
log” x
p<z
i(p)>z

The estimate for Fj 3 is similarly brief, this time using the “first step”
in the proof of Theorem 6. We have

T
EngxZ Z 1<<1 2

The estimate for Ej o takes a little work. By the Brun-Titchmarsh
inequality,

2%z 1
Fi, < in, 1 —
12 < xz Z m(x;n, 1) < Togz Z )
z<n<zgl/2 log? z z<n<gl/? log? x

w(nz)>w w(nz)>w

2 L L 2] L
<2 G 2 G ST 2 Gy

< n<xl/2log? x <
w(m)>w w(m)>w
This last sum is smaller than

Z%<Z<pi1+p(p1—1)+"'))k22%<

k>w p<z k>w

= Z % (loglog z + O(1))" .

k>w

P
2. (p—1)2>

p<z

The terms in this series are decaying at least geometrically by a large
factor, so by a weak form of Stirling’s formula, we have

1
Z — < exp (wlogloglog z — wlogw 4+ w + O(w/ loglog 2)) .
m

P(m)<z
w(m)>w

By our choice for w, this last expression is smaller than exp(—3log z) =
(log x)~3 for all large values of z. Hence,

ZL’2

INPRS

log?z’
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Noting that ¥ (h) < 7(h)loglog z, we conclude that
Zﬁ(p) — A+ E — Al + E+ O(El’l + ELQ + ELg)

p<w
2

= ¢c,Li(2*) + O (log " (¢(h) +2%(h)loglogz + 1+ 1))

2 1 1 2
— ¢,Li(z?) + O (2“’7(}1) e loglogz)” )
log” x
2

_ % z
- 9 $7T($) +0 <(10g x)24/log10glogr> ’

using that Li(2?) = lzm(z) + O(2?/log® z), the definition of w, and
h <logx together with Wigert’s theorem for the maximal order of the
divisor function 7(h). This completes the proof.

4.2. Proof of Proposition 3.

Proof of Proposition 3. We begin with the cases g > 0, or ¢ < 0 and
e = 0. Recalling that D, (k) = ¢(k)k/(e,(k)(k,h)), we find that

—1)*®rad(k)o(k —1)*®rad(k)(k, h €q(k
12) - Y PR _ 5 Uy et

k>1 k>1

Now, since €,4(k) equals 1 if n 1 k, and 2 otherwise, (12) equals
(13)
(—=1)“Wrad(k)(h, k) (=1)“Wrad(k)(h, k)
) 3 +> i =D _(fk)+f(kn))
k>1 nlk k>1
where the function f(k) = (—1)“®rad(k)(h, k)/k* is multiplicative.
If pthand j > 1, we have
f@') = —p/p¥.
On the other hand, writing h = Hp| , D we have
F(p?) = —p"tmintiens)
for p|h and j > 1. Since f is multiplicative,
DR+ fhn) = > (f(k)+ f(kn) Z fk
k>1 k : rad(k)|hn (k,hn)=

Now, for p { h and j > 1, we have f(p’ ) = —rad(p’ )/ng = —p/p”,
hence 37 o f(p/) =1 — Frti = 1 — 7 and thus

J
1
P B c
2 Sw =1 re=110-57= = g a=—ry

(k,hn)= pthn
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Similarly, >° . quymn f (k) = I, F'(p) and

Z f(kn):H (Z f(p])) :H(F@)_F(paen,p))-

rad(k)|hn plhn \Jj>eén,p plhn
Hence
Yo fR+ Y fhn) =T F®) + [T (F®) = Fp.eny)
rad(k)|hn rad(k)|hn plhn plhn
=[[7®) (1+H(1 p’@)‘p))).
plhn plhn
Thus
pa €n p)
= F(p 1
ot e (I (-G |
plhn p’=17 plhn plhn

which, by (3), simplifies to

cg:c;{lesl (1+]1( p’eg‘p))).

The case g < 0 and e > 0 is similar: using the multiplicativity of f
together with the definition of €,(k), we find that

= (f(k)+ f(kn)) ——ZZmﬂk

~I1F0) + TIF0) - Foens)) - S (Fee+1) -1 ] Fw)
_ _Flpenp)\ F(2e+1)-1
- E[F(p) (1 + H (1 o) ) o) ) .

p o F(p)
HF =110 p3+1)HF(p>_Cy1—p/(p3+1)

ph

the proof is concluded.
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