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We discuss in this paper arithmetic properties of the

function A(n) = > ..,..ap. Asvmptotic estimates of A(n)_

reveal the connection between A(n) and large prime factors

of n. The distribution module 2 of A(n) turns out to be an

interesting study and congruences involving A(n) are con-
sidered. Moreover the verv intimate connection between
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natural motivation for its study. _

0. Introduction. Let a positive integer » be expressed as a
product of distinet primes in the canonical fashion n = TI7., p¥:. Define
a function A(n) = 3., a;p,.
(i) The function A(n) is not injective. In fact for a fixed
integer m, the number of solutions in_n _to A(n) = m. is the number
of partitions of m into primes.
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for all 0 = 2, We have
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for 6 = 2 because of (1.1). Now
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Note that the term in (1.7) is just the term in (1.8) with 7 replaced
by 7 + 1. Thus making the first m summations of (S.) gives _

(1 ) nf____ @™ )

Obviously (1.8) summed over %k gives O(z'*™/log™ ).
Now we proceed to the asymptotic estimate. We shall see that
the leading terms we get are exactly those mentioned above. But

the error terms can be estimated just as we got uover bound estimates
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(1,12), What we are summing in (1.13) is the term in (1.11). In

the process_of going from (1.11) to (1.12) note that what has havpvened

—-——
is that 7 has been replaced by ¢ + 1 for the variables and there is

an extra factor of 4. So making the first j, summations we get a
term which is

(1 14) W+ 1)---(+7 — 1)x1+(1/i+j71)
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e have to sum the term in (1.14) over the variable ©.....
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(1.24) a((j) sm].> ="§5(SM)

as S0 S =@ if 4= 1 _In fact hecanca of (1 28) and (1 24) tha,

density is a rational multiple of 1/Z(2) = 6/z%

2. Congruences involving A(n). We now recall some results in

[1]. For anv integer m. the number of solutions to A(n) = m is the
:  ——_—

number of partitions of m into primes, Note that A(n) = ¢ _if and

only if n is a prime or n = 4, so that it would be of interest to
study the congruence

0 1\ EA ;, MELMJ_A/..\\ N
~
Call a solution to_(2.1) non-trivial if n == A(xn) and let the nontrivial

solutions be called “svecial numbers”. It is worth noting that if m
is fixed then the number of solutions to

(2.2) n = 0(mod A(n)) , An)=m

is the number of partitions of m — A(m) into primes. So the number
of solutions to (2.2) is much less than the number of solutions to

A(r) =n. generallv. and so one expects that svecial numbers are

rather rare. Let {I.} denote the sequence of snecial numbers. The

following can be proved(see[l]).i
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Thus for fixed ¢._the number of solutions to (2.7) in special numhbers _

is at most
log x + 61/2J10gx10g10gz — 0(61/2~/10gzloglogz)

But by (2.8) we have an upper bound on the number of choices of

t. Thus the {l.} among the 5. do not excee

(211 of % _ pevieweses) = of %)

But the number of integers not included among the {n.} is bv (2.6)

and (2.4)

2.12) o(%) :

1/2v1ogxzloglogs

So (2.12) and (2.11) prove the theorem with any ¢ < 1/2,

Now for a lower bound.
.

g(x)>>e d

¢’ vIogzloglogz °



vroduct of the first r-primes », --- ». such that it is just greater
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Now if p¢ is the Mobius function then
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