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Generalized Euler and Class Numbers So8
By Daniel Shanks 1?) \ e
..l :hm ‘;..-f-;na‘ - | 1. Introduction. In [1] we discussed the Dirichlet series : ! 5 3@ s
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< both the Euler numbers
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and the known Fourier expansions:

Eon(z) = (——2:74;(12—72)“ Sens1 (’2‘),

(10) i |
Esi(z) = (_—_l_ﬂfjn___ﬁ Con (_xz_) ,

where [1, Eq. (18)]

>, sin 2r(2k + 1)z

S.@) = 2 2k + 1)°

v | S 27 (2k + 1)
_ _COS ™ X
C.(z) ; —___(Zk T

1t follows, if we put
z=2y and t=20vi,
in (9)) that '

cosv(l — 4y) = 2w\
7 cosvl —4y) 2 <-ﬂ_‘> Soni1(y) »

4 cos v "=

(12) . (1 4 ) mo 2 2n—1
mosmeld — 3Y) 2v
4 cos v ~ ( T ) Canly) -

Now, clearly,
(13) Li(s) = S.(3) and L.i(s) = C.(0),

so that from (12) and (4), together with (6) and (8), we find that ¢i. and di.. are '
indaed the secant and tangent numbers. respectively. I I

23750912
93241002
206327464
806453248
1951153920
4300685074

(14) a = bm’
with b square-free, we have [1, Eq. (23)]

s n =10 I [1=(32)e],

piJm ) pi
the nroduct being taken over all odd primes p; (if any) that divide m.
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if b = 1. In any case, the ¢, and d,, are int,égral multiples of the ¢s.. and ds ., ‘ ' Q
respectively. Qj’:r,‘.'
It remains, then, to compute ¢y » and dp » for square-free b > 1. We showed, in : e,
; [11._that for such b we have , ! °, .
.. ] i
2 | S
Ly(2n + 1) = b €S20t (Uk)
(18) *
: 2
L_y(2n) = vh 2 &Con (Y1) ,

where in the linear combinations on the right the ¢ are Jacobi symbols, and the y;
are rational numbers. both dependent upon b. In all such cases. we therefore have

By such relatively «
> e cos bw(l — 4u.) - , e Xc L. a,lfeb '
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Itiples of the ¢s,» and do,

-iree b > 1. We showed, in |

Yi) »

Ja

Jacobi symbols, and the yx
~h cases, we therefore have

(23)
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e2m = (—1)”1

Cin = ("1)" ’

€ = (—1yfd + 2],

ee.n = (_1)ﬂ[52" + 12"] y

Crn = (—1)n[3% 4 122 — Fon] |

Caom = (= 1)l — 7 4 30 4 17),
Do = (—'1)"—1 ’

Dy = (—1)w120n1 :

ﬁ)s.n — (_1)1:—1[121:—1._*_ 32n—1] ,

Den = (—1)"_1[52’._1 + 12'.—1] ’

Dy, = (— 1)1 6 + 4201 — Q=]
ﬁ)lo,n p— (_1)1\—1[921;-1 + 72n—1 — 32n—l + 1271—-1] |

1o kT, il mamrrramnac wra aynrecs o . (dyx 2) a8 a linear combina-
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2143, 3142, 3241, 4132, and 4231 r'

are the five ways in which 1234 may be permuted in which snerssciva diffaranans | {
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