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/) Computation of Tangent, Euler, and

/' Bernoulli Numbers”
‘ By Donald E. Kuuth and Thomas J. Buckholtz

., National
\Vnshington,

), Princeton
e beta fune-

tnin, 1066,
s J. Math.

143.
York, 1950.

are described which may be used to cal-
culate tangent numbers, Euler numbers, and Bernoulli numbers much more ecasily
and rapidiy on clectronic computers than the traditional recurrence relations which
have been used for over & century. These methods have been used to prepare an
accompanying table which extends the existing tables of these numbers. Some the-
orems about the periodicity of the tangent numbers, which were suggested by the

tables, are also proved.

Abstract. Some elementary methods

numbers T, Buler numbers F, and Bernoulli

1. Introduction. The tangent
ficients in the following power series:

pumbers B, are defined to be the coe

et Pl 4 TR e = 2 T/l
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then the coefficient of zr/n! in (tan 2) (cos z) is iarge number 7',

In 7o for odd v,

ny,
Z < k )Fk0n~k . Tﬂ+'-'.k =

k

and in (sec z) (cos 2) it is but a count of t|
ment over (7), an

5 <7kz > BC. L. Similarly, we
3 ! if we write
Hence. making use of the fact that T, = Fs,.y = 0, we have the recurrence re- . e

: 3

=

on 4 1 o 4 1 om 4+ 1 ; we have the ‘rc_.}"\.)_‘._

n L n 7 R — 7 n 7y — "] . (s 3
2n\ ( Qn) ,,( 271) " Sinee By = £y,

(5) (n Eo—\"5 JE2+ - + (=D, fn=0, 7?>0’ numbers. A sonuw- .

X
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imweanumbar T and n/2 additions of large numbers. Since we are interested only
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further technique can
- example, suppose we

:-4 k=5

6
0 24

».t.ﬂmt.. we cannot com-
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(a) Set area B to k times the next value indicated by P, and move P to the

right.
(b) Store the value of A + B into the locations indicated by @, and move @
to the right.

(¢) Transfer the contents of B to area A.

(d) Increase k by 2.
In the case of (13) we would change the memory configuration to

|i6_|_-_,|i|_67"/|4|0\,l2|4\' [ 116 [, |
(14) 1 1
Q P
. -2 4 —=1A R =16
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also has advantages over (10) for the same reason. -
It remains to consider the calculation of the Rernamili s b D £ -

L




-

from T -1




P T e e s i I o

2 s N
T T 1 R 3
= S i 2, 4 ———

. I 2y ok b i el e iR e T Rt Lo
. . e
e

st

670 D. E. KNUTH AND T. J. BUCKHOLTZ TAN
L,_ . ) oo 4 a0 4= a3 ar e L1007 100 AR 192 EA hv Kummer make it »

a

=)

=

i
£

== -— '5.:_\"! -
%, 4
" —
; +4.56-74+4-57-14+56-7-1 (34)
g (modulo 7). Let us say two terms as(a; + 1) - - - ax(ar + 1) and a,/(ay’ + 1) - .. (35)
a'(a’ + 1) are “equivalent”” if, for some r and ¢ and for all j, a; = 0/ Grymod p 1+ Proof. Assu
thus, in the above example the terms 1-2-4-5, 2-3:5-6, 3-4-6-7, 4-5-7-1,
5.6-1-2,6-7-2-3,7-1-3-4 are mutually equivalent. It is impossible for a term to (36)
be equivalent to itself when 0 < ¢ < p, since this wogld imply a1 + --- + a, | Kummer’s cong e
=a+ -+ w 4 kt, and t = 0. Therefore, each equivalence class has preciscly
5 p terms in it. When & < (p — 1)/2 the sum over an equivalence class has the form (37) &k
SZ (@4 O +t+ 1) (a+ O+t +1) where Afu, denotes
0= t<p LT Sy
where the summand is a polynomial of degree £ p — 2 in {. Any such summation ! um+k'f-—‘: (

_________ mav be expressed modulo p as a sum of terms of the form ]




) R & [ Pk boiaded 4 oo R kb e
. g
!
TANGENT, EULER AND BERNOULLI NUMBERS 671
S by Kummer make it possible to establish further results about the period-length: £
2 S 0 1] _ +a N 27 o~ 1 . 1 /90N ML an |
B P Iy

#

T.

S b | (35) E, i1 = By (modulo %), nxk. F
) Proof. Assume n 2 k and define the sequence (um)y by the rule E
MU RN TS R i ;
St ie6) U = (=D " Tipym, mZO. g
R _ ! Kummer’s.congruence for the tangent numbers may be written t
et N — =
kS ‘l- » ' u‘-

P ——— :
. %

Ly p—

‘—':‘?l-—" . —_—

where A*u,, denotes

a2 o A
b summatt
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