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n%lm:& Mﬂﬁv | ;m!Jve define

X nnla

moo Ly, 1= LA = (f,)n!,

and similarly in the sequel. Since

In =0 forl>n and n =0 forn>]I |

the sums 1 |
; Z n and Z:(l;; |
B are finite; such sums will be ab“eviated to [/ |
w oAy ww - 53 and I3 |
and their largest terms ’f__c_) °
max?® and Jmax — ]I,

Deemphasizing the individuality of N, the sets LY, LY, LY, LY can be regarded as ' |

101 _i-31 Tn Tn T

P = o
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3. Classifications. Deemphasizing the individuality Of L, the set LY becomes
P B
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colimsbalans and if for n~1 nnt sverv 1-level class has onlv one”e_lgment.,The
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where ' is the vicarious exponentiation recipient; e.g.,, (1+!)2=1+42 11412
(Compare also b,=(1+b,)", n>2, for the Bernoulli numbers.)
From the recurrence

X (n
I+ D+ ( )(,,+1)[ 1n=-v+
3

and the same expansion for I"* we deduce

n
REDY—p I = I S e (e 1) [+
1

and then similarly

(!(n+1)+_(n+1) !n+)_n(!n+_n !(n-1)+) =n !(n—1)+;

_hence the simpler recurrence p—

6. Generating functions. The umbral (exponential) generating functions
@) w=2niznl=e(1-2), |z <1, (I-2w = 2=z,
(B) w=23Stznl=1/2-e?), |z <log2, w = 2wi_w,
“4) w= Z "z%/n! = e¢*-1, |z] < oo, W o= e*w, w'w = w'(w +w),
¢5) w= Z Wnznipl = ge*-1 |z| < o, w' = 2e*w, w'w = w'(w +w),
W= Z 18Pzt /nl = e¢* - 1+(P=Dip |z] < oo,

©) W= w(e*+e”), (W24+pw'w—w'wy = (p— DP 1 (w'w—w'2 —ww)w?r -2,

WIWE = 3w Wwt(p+ W' 2w — (p+ )w'2w —pw'w?,

™ D hztinl,  z=2w—1—ev"1 |z| < log4—1,
Z+3)w' = 2w'w+1,

@) w=2 "l =e"D |zl <1, (1—z)Pw = w,

] are obtained from the corresnonding recur,lr_&nn s yia_the firet-nrder Aiﬁ'm:an.ﬁ_a__
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It can be §héwn that if an umbral series w generates the numbers of classifications
el, then those of the next higher level are generated by ¥~ if the
cations consist_of sets of old ones, and by 1/(2—w) if they consist of

Culer aunbes

oy

lists (ad' _
7. Vallieg." s The relative size of numbers of lists or sets is apparent from the

followir ¥ ‘le where packing is, but covering is not assumed.

.
0 3 4 5 For further values or references see

elements : n
16 65 326 [11]

lists _r'le (from (2)) 1
n'mex=n! 1 6 24 120 [1, pp. 272-273]; [11]
1
1

sets {n!}:z" 8 16 32 see below

Imax —( n
n< -([mz]) 3 6 10 see below PRS2

For level 2: numbers of lists (or sets) of lists (or sets or numbers) we reassunir...c'
obtain by inspection (i.e., without machines) and use of recurrences il
For &l%?ucs or

n 0123 4 5 6 7 8 9 references se

im e emma . mmada AAMELA E170RLA_NAONTAON .
P -
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where v log v=n. A better approximation seems to be

-1/2 2 2 ;
— nyv-n—1(P _ n(2n®+Tnv +10v )) /
Bn = V7€ (v+l) (1 - 24v(n+v)? ’ dt

given in [8] without error term or indication of the way in which it might be _

Aso = .0015. ..
A1go = 0008 ...
/\150 = .0006 ‘e
Aggo = .0004.. ..

*** By [7], p. 413 last line (at whose end an exponent 1/2 should be appe
___and p. 412, line 17 (both on‘lwith pip_ts. to_nroofs). 'max® ic agumntotic t
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of deorea,n and Eiré C nstant coefficients [61. A combinatorial proof of (9) is the,
|

by far simplest, case =1 of the proof of (10).
From (9) follows, first letting n=0, then using (4) for n=p—1,

p—-1
=2, —)E =2,
? Z ( ) P

The recurrence (9) holds also for «* if «? =a+ 1. In the field GF(p?), the charac-
teristic polynomial g(x)=x?—x—1 has p roots o,=a,+k, no proper subset of

which has its sum in the prime field GF(p), over which g(x) is therefore irre-
—— |

ducible. The o are the p fundamental solutions of (9); the linear combination that
represents 1" can be shown to be

m= D flwdt, S0 = X Z Vi,

Qlemn 0h . Llwraheiaa? 1 whara a

pl=l4p+ - +p77t = (pP=D/(p—-1);
hence
et = In
P
It is unknown where ! mod p can have a smaller period. The prime decompositions
of the first values of p’ are, according to J. L. Selfridge,

2 3
3 13
5_11-71_
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belong to the same class in o (case I) or they belong to p different classes (case II);
the latter contain no element of N nor any case I-element. Finally it is easily seen
that the number of sortings of N+ P for which exactly j of the p-sets (11) belong to

case I (j=0,...,pt ) is

sp:—l-,-(p)(p tj—l) e, 4%* *""““QG) .

For j#,0 we have (*'; )= ,t-10, hence s,:-1_(p) in (10) can then be replaced by
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It follows from the fact that the highest and lowest coefficients of the recurrence

(10) are #,0 that !" is periodic, without preperiod, for pt and hence for every modu-
lus m, and that the period is <m*, where u is the largest prime power dividing m.
The periodicity. with possible preperiods, follows also from (4') and Fujiwara’s

theorem I5] on the umbral coefficients (if integer) of solutions w=> a,z"/n! of
[}

algebraic differential equations
F(z,w,w',...,w?) =0

with integer coefficients for which

By the same theorem, modular periodicity holds also for the coefficients

tin 1<¥p-n h 1+
. ’ . ? n .
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