Fluctuation Analysis of
Nonideal Shot Noise

Application to the
Neuromuscular Junction
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ABSTRACT Procedures are described for analyzing shot noise and determin.

2

ing the waveform. w(#). mean amolitude. (). and mean rate of nccnrrencea ()




26 THE JQURNAL OF GENERAL PHYSIOLOGY - VOLUME 88 - 198
e ————————— —— —

P ——

- — |
— |
- — ;
= — ;
— |
= — ;
[ T r,OFOFN
- |
- |
= — ;
= — |
; |
~  — . ——
X i , B o e e e
S ™ -t e




FESCE ET AL, Fluctuation Analysis of Nonideal Shot Noise 27

[ —

[
— -

or corrected for before A3 and Ay can be used to calculate () and 4. This article

_derives the freauencv composition of A» (Dower spectrum) and As (skew “bisoec-

trum”) of npnstmonarv shot noise and demonstrates that the effects of this

e—————
é‘f=r
. _ phenomenon on these spectra can be virtuallv eliminated bv aporooriatelv

w
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where the last step can be taken because 7(—n) is the complex conjugate of 7(n).
This result indicates that each value of n (n > 0) contributes a factor 2|9(n)|?/T?
to the variance. Since 1/T is the interval between successive Fourier frequencies,
the factor 219(m){?/T is interpreted as the power densitv per unit bandwidth.
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between the times [—7] and [T] will contribute to it. If K is the number of such
events, then V(f) is given by:

V() = §1 hw(t — 6)), (5)

where i is.an arbitrarv event index (not implving time seauence). and 6, is a
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If the events occur independently, then the distribution of the K’s is Poissonian
so that E[K(K — 1)] = (E[K))®. Since E[K]p(t’) = ('), then E[K(K — 1)]p(t')-
p(s”) = r(t")r(s”), and we have:

E[V(t)V(s)] = h® J: r(tYw(t — t)w(s — t')dt’

+ A2 f r(t')w(t—t’)dt'J: (s = s)ds” - (10)
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where the limits of the first integral have been extended to *o, since the
integrands are zero for ¢’ < —7or¢ > T,
1f Eq. 10.is substituted into Eq. 9. we get:
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give. respectivelv: b3 (r) Twa(n. m). b3¥so(n + mwa(n. m). B3 7o(mViva(n. m). B37-(niva(n.

+

m), and h*7s(n, mws(n, m). Thus, we obtain:
E[vs(n, m)] ~ hPws(n, m) [(r)T + Fo(n) + Fo(m) + Fo(n + m) + 75(n, m)].

The expected value of the skew is (from Ea. 4. with n. m. n + m # 0): :
— _
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semi-invariants of the fluctuations is (Rice. 1944):.

An = ()R = (1) (h)"Duln, (18)
) . where D = (A" /{h\" ic a factar that denendc ninan anlv the dictribitinan nf b 1f o
T ] i -
éh . } ¢
. ;
y
]
" we use (h) and (r) to denote the apparent mean amplitude and mean rate of

the events as determined from the skew and variance, and use (k), and (), to
denote “true” average values. we get:




36 THE JOURNAL OF GENERAL PHYSIOLOGY - VOLUME 88 - 1986

Once v is known. then the D.’s. R. and the correctinn factors for ¢r) and (h)

. — )
< e = = = - ———
s - — e —————————————

can be calculated:
Dp=(y + n)/(y + 1)™v%
R = (h*)*/(h*)(h®) = Ds*/DsDs = (v + 3)/(y + 4);
(Nd{ry = (v + 3)"/(y + 2)(y + 1) = R*/(3R — 2)(2R — 1);
(AYSMAY = (v + Din + 3 = (AR — N/R

R computecmmd from the semi-invariants of the fluctuations, if the values of & are
assumed to follow a v distribution.

VE

potential (mV)

[’
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conductance are too small to change the time constant significantlv (see below).

We assume _that conductances sum linearlv and that the added endplate con-

an average rate, (r), such that the mean conductance of the endplate is increased
50% above its resting value. If MEPPs summed linearlyv. the averace membrane

potential, (V), would move along the initial slope, Sy, of the G-V curve to the
point A, and the fluctuations in the MEPP rate would cause V to fluctuate along
this_line. Because MEPPs sum nonlinearlv. however. (V) moves along the G-V
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Since the semi-invariants are linearly related to (r) (Rice, 1944), the second

terms_in the_last two equations are of the order of (r)?. These terms are
T - — —_— "

2

resnonsible for most of the error. becoming significant onlv when (r)_is large
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Sap_Diego. CA). Case ¢ was stimulated bv sampling the output of the noise generator at

0.4-ms intervals and using each voltage reading as the expected rate =for the Poisson
number generator. Vollevs of MEPPs (case d) were created bv svnthesizing random square

|
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of 500/s per volley; steps smoothed by low-pass filtering (RC = 4 ms): baseline

rate, 50/s.
The top traces of Fig, 4. A~C. show examnles of the time ronrses of ()

obtaine——————l using the parameters listed above (g—c). These stepwise-changing rates

2
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Fig. 6 shows the bias and random errors obtained when the (r) and 4 of the
artificial MEPPs were estimated from records like those in Fig. 4. The bias errors

&P —

filtered records and the random
i |
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computed from the mean and variance, but all errors decreased as the filter RC
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FIGURE 7. _(Left) Bisnectral densitv of the skew. To obtain this plot. a record was
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noise and the filtered waveform, w’(¢), are identical and are equally affected by
further changes in the filter time constant. Therefore. consistencv among the
| -

|

estimates of {r) and & obtained with different filters is strong empbirical evidence

e

that w(t) is correct and that the freauencv components of r(f) have been removed.

&P —

More accurate results are obtained when the mean of unfiltered records and the.

variance of filtered records can be used. rather than the skew and variance.

P ——
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Effects of Shot Nonuniformity and Nonlinear Summation

in two additional ways: the individual shots may not be identical in amplitude or
waveform, and._thev mav not add linearlv. When the shots are not_eaual in ) -

amplitude, bias errors arise because (") is greater than (k)" and their ratio

increases with n. The net result is that (k) is overestimated and (7) is underes-




less rapidly than an exponential, i.e., the absolute value of [dr(t)/dt]/r(t) decreases as ¢
increases: (¢) r{t) changes exponentiallv with time. We assume that the duration of one

situations. for 0 < u < 7. the integral of 7(¢) from (—u) to (T — u) is closelv approximated
g
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the skew are_less Lh&(@f’/ 2 — 1 ~ (3/2e the normalized bias error for the skew

P ——

computed in the filtered signal will also be less than (3/2)e (in our example, <15%).

Random Errors Involved in the Various Procedures

In the Theory section, we have taken the expectations over ensembles of records with the

same 7(¢) and 7. When, in experimental work, only one such record is available, the

expected standard errors in the estimates must be known in order to assess the reliability
—— e — e ———————————————

P ——

of the results obtained from it.

1/2
Ela,l = ILAJ(M EQJ'HVU)V(Q]/((L)hI.)2 — 1], = ((r)])"'/2 (Al

Thus. the standard error of the mean decreases when the total number of events that

P ——
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Since E[{v®)]* = Y BAo(x)@oWIFolx) + ()T 7o(y) + (r)T1/T*, the expected sauare

._' » -

x=—00 y=-—o0
error of the variance is:

L3

5 i héas(x)in(y) 2Re[73(x,y) + Fs(x, =y)] + 2[Fo(x) + F2(y) + Falx +3)] + () T‘

(A4)
x=—0 ya—w0 Tq
- When this is normalized to the sauare value of the variance of a stationarv record [given ]
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by the_double sum in x and v of A*ws-(xX(W({r}/T?]. we have a standard square error of
= —————————— —_—

'
[

2Re[7s(x, y) + Fa(x, =y)] + 2[Fa(x) + Fo(y) + Folx + y)]] L
{r)T)? (T

It is apparent that all the factors produced bv nonstationarity (those within the brackets)
L =

(02)* < Max [ (AB)
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s Integrating over ¢ and neglecting edge errors: , ]

Tk T ] X T ©
%j{:dt E]J; [hwi(t — ¢)"p;(t")dt’ T2 (h,«)"J; I’j(t')dt'i: [w;(O]"dt

i

%Q (’@1)';[ _[w@)frdt = ‘SZ,(&;)’T(&)L

K
== W,
7 F

The bar indicates average over the population and K/T is again the mean rate.

Therefore, even when the events are inhomogeneous and their occurrences are non-
random, non-Poissonian, or correlated. a factor (r}k"l. is present in the n'" moment
] — —

P ——

. . . @ ..
§ . of the resulting signal. All other factors in the »" moment are additive. Bv the

same procedure, it is easilv_shown that the spectral densitv_of anv_one moment of

—
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