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Abstract Univariate Goncarov polynomials arose from the Goncarov interpolation problem in numerical anal-
ysis. They provide a natural basis of polynomials for working with w-parking functions, which are integer
sequences whose order statistics are bounded by a given sequence u. In this paper, we study multivariate
Goncarov polynomials, which form a basis of solutions for multivariate Goné¢arov interpolation problem. We
present algebraic and analytic properties of multivariate Gon¢arov polynomials and establish a combinatorial
relation with integer sequences. Explicitly, we prove that multivariate Gon¢arov polynomials enumerate k-tuples
of integers sequences whose order statistics are bounded by certain weights along lattice paths in N*. It leads
to a higher-dimensional generalization of parking functions, for which many enumerative results can be derived
from the theory of multivariate Gon¢arov polynomials.
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1 Introduction

Goncarov polynomials arose in a special case of Hermite interpolation in numerical analysis.

Goncarov interpolation. Given two sequences of real or complex numbers aq, a1, ..., a, and bg, by,
., bn, find a polynomial p(z) of degree n such that for each i,0 < i < n, the i-th derivative p(® (z)
evaluated at a; equals b;.

The natural basis of polynomials for this interpolation problem is the sequence of Gon¢arov polynomials
(see [1,2,9,13]), which are polynomials g, (z; ag,a1,...,a,—1) defined by the biorthogonality relation:

5(ai)Dign(m; a0, A1y- -y Gp—1) = Nlip,

where D is the differential operator, and e(a) is evaluation at a. A special case of this is Abel interpolation,
where the point a; is the integer i. The Goncarov polynomials for this case are the Abel polynomials,
which frequently appear in enumerative combinatorics and are closely related to counting of labeled trees
and some special integer sequences called parking functions.

For a sequence of numbers (1, 2, ..., 2,), the order statistics are the sequence (1) < z(2) < -+ < 7y
obtained by rearranging the original sequence in non-decreasing order. An ordinary parking function is
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a sequence (x1,...,T,) of non-negative integers whose order statistics satisfy x(;) < for all i. Ordinary
parking functions originated in the theory of hashing and searching in computer science (see [7,8]), and
have been studied extensively in combinatorial literature. In particular, the number of ordinary parking
functions is an evaluation of an Abel polynomial.

There are many generalizations of ordinary parking functions. One of them is a set of integer sequences
called u-parking functions, which are studied in [10,11,14,16-19]. Let v = (u1,uz,...) be a sequence
of non-decreasing positive integers. A w-parking function of length n is a sequence (x1,%2,...,%,) of
non-negative integers whose order statistics satisfy x(;; < u;. Goncarov polynomials form a basis of
polynomials for working with w-parking functions. For example, the number of u-parking functions of
length n is (—1)"¢,,(0; w1, ug, . .., uy). When the sequence u is an arithmetic progression, the Gonéarov
polynomial is an Abel polynomial. Gonéarov polynomials have many nice algebraic and analytic proper-
ties, which extend automatically to u-parking functions. In particular, Gon¢arov polynomials satisfy a
linear recursion obtained by expanding z™ as a linear combination of Goncarov polynomials, which leads
to a decomposition of an arbitrary sequence of non-negative integers into two subsequences: a maximum
u-parking function and a subsequence consisting of terms of higher values. Many enumerative results of
u-parking functions can be derived from this decomposition.

Goncarov interpolation problem has a natural generalization in multi-variables, whose solutions are

characterized by multivariate Goncarov polynomials. Explicitly, let nq,no,...,nx be positive integers.
Given a set of nodes S = {z;, .., € R*|0<i; < n;} and values {b;,, ;. € R|0<i; <n;}, we want
to find a polynomial P € R[z1,...,zx] whose partial derivatives satisfy

it tin

————P(ziy.is) = bir..in-

8{1)111 L. 8x7i€k ( 11, y'“c) 11, Tk

Such a problem has a unique solution in the space of polynomials of coordinate degree (nq,...,ng), i.e.,
in the space Py, ... n,, Wwhere

i1 ds i
Pra,on = {P € Rlzy,...,x5] | P = Z Qiy,oin 1 TS - XF, @iy ey € ]R}.

0<i;<n;

Multivariate Gon¢arov polynomials are the natural basis of polynomials for this interpolation problem. In
this paper, we establish algebraic and analytic properties of multivariate Gon¢arov polynomials analogous
to those of the univariate ones, including a linear recurrence, generating functions, differential and integral
relations, a shift invariance formula, a perturbation formula, and a Sheffer relation. We show that the
coefficients of multivariate Goncarov polynomials can be expressed combinatorially in terms of ordered
partitions, which are partitions of a finite set whose blocks are linearly ordered. More interestingly,
multivariate Gon¢arov polynomials have a close relationship with order statistics of integer sequences.
The main combinatorial result of this paper is that a Gon¢arov polynomial in k variables with index
(n1,ne,...,nk) and the node set S enumerates the set of k-tuples of integer sequences (1, x2,...,Tx),
where x; is a sequence of length n;, and the order statistics of these sequences are bounded by certain
weights along some lattice paths from the origin to (n1,...,n;) in Zi. The weights on the lattice
paths are given by the node set S. (See Section 6 for the exact description.) This leads to a new, higher-
dimensional generalization of classical parking functions, for which multivariate Gon¢arov polynomials are
the corresponding algebraic counterpart. Any reasonable formula for multivariate Goncarov polynomials
yields automatically a reasonable formula for higher-dimensional parking functions.

We remark that another type of Gon¢arov polynomial has been investigated by He [3]. Given n nodes
in R¥, He interpolated partial derivatives there with polynomials of degree n — 1 in k variables. Since
there are more polynomial coefficients than the number of interpolation conditions, additional constraints
are added in order to make the interpolation unique, much in the same way as in Kergin interpolation [5].
The multivariate Goncarov polynomials discussed in this paper are different from He’s.

For simplicity and clarity we present our results in two variables only. It is easy to extend all the
results to polynomials with %k variables, for any positive integer k. The paper is organized as follows.
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First we review the theory of sequences of biorthogonal polynomials and results of univariate Goncarov
polynomials in Section 2. Then we introduce the bivariate generalization of Gon¢arov polynomials and
describe their algebraic and analytic properties in Section 3. In Section 4 we present a combinatorial
description of the coefficients of bivariate Goncarov polynomials in terms of ordered partitions. The
last two sections are focused on the relations between bivariate Goncarov polynomials g, »((x,¥); Z)
and order statistics of integer sequences. Section 5 contains explicit formulas for the case n = 1, where
the Goncarov polynomials can also be expressed in terms of u-parking functions. The combinatorial
representation for general cases is given in Section 6, where we propose a notion of 2-dimensional parking
functions, establish their relation with bivariate Gon¢arov polynomials, and derive a formula for the sum
enumerator of 2-dimensional parking functions.

2 Sequences of biorthogonal polynomials and univariate Goncarov polyno-
mials

We begin by giving an outline of the theory of sequences of polynomials biorthogonal to a sequence of
linear functionals. The details can be found in [10].

Let P be the vector space of all polynomials in the variable x over R. Let D : P — P be the
differentiation operator, and (a) : P — R be the evaluation at a € R.

Let vs(D),s =0,1,2,... be a sequence of linear operators on P of the form
[ee]
@s(D):DSZbSTDTa (2.1)
r=0

where the coeflicients by are assumed to be non-zero. There exists a unique sequence p,(z),n =0,1,2,...
of polynomials such that p,(x) has degree n and

5(0)%(D)Pn($) = nldsn, (22)

where d,,, is the Kronecker delta.

The polynomial sequence p,(z) is said to be biorthogonal to the sequence ¢, (D) of operators, or, the
sequence £(0)ps(D) of linear functionals. Using Cramer’s rule to solve the linear system and Laplace’s
expansion to group the results, we can express p,(z) by the the following determinantal formula:

boo bo1  boz ... bo,n—1 bon
0 b b ... b1n—2 b1n—1
n! 0 0 bQO ce b27n,3 b27n,2
pn(®) = boobio - boo (2.3)
0 0 0 .. buto  buia
1z 2220 ... 2" Y/ (n—1) z"/n!

The series {pn(x)}32, forms a basis of P. A special example of sequences of biorthogonal polynomials
is the Gon¢arov polynomials. Let (ag, a1, as, ...) be a sequence of numbers or variables called nodes. The
sequence of Goncarov polynomials gn(x;ag,a1,...,an—1), n =0,1,2,... is the sequence of polynomials

biorthogonal to the operators
oo

at D"
S
ps(D)=D*Y" == =e(as)D".
r=0
As indicated by the notation, g, (z;ag,a1,...,a,—1) depends only on the nodes ag,ai,...,a,—1. Indeed,
one can write down a determinantal formula of g, (z; ag, a1, . .., an—1) using Equation (2.3). In particular,

when all the a; equal a, we have g, (x;a,a,...,a) = (x—a)™ and Gonc¢arov interpolation is just expansion
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as a power series at = a. When aq, a1, as, ... form an arithmetic progression a,a+b,a+2b, ..., we get
Abel polynomials g, (z;a,a +b,a+2b,...,a+ (n—1)b) = (x — a)(x —a — nb)" 1

Goncarov polynomials have many nice algebraic and analytic properties, which make them very useful
in analysis and combinatorics. Here we list some basic properties whose proofs can be found in [10].

1. Ezpansion formula. If p(z) is a polynomial of degree n, then

n

e(a;) Dz
E g (x;a0,a1,...,ai—1).
1=0

2. Linear recurrence. Let p(xz) = 2™ in the expansion formula, we have

n .
n n—u .
" = E (i)ai gi(z;a0,a1,...,a;—1).

=0

3. Appell relation.

tneant

oo
= Zgn(x;amalv .- -aanfl)—
n=0

n!

4. Differential relations. The Gonéarov polynomials can be equivalently defined by the differential rela-
tions Dgy,(z;a0,01,...,an-1) = Ngn—1(x;a1,a2,...,a,_1), with initial conditions g, (ao; ao, a1, ..., an—1)
= don-

5. Integral relations.

T x ty tn—1
gn(x;ao,al,...,an,l):n/ gn,l(t;al,ag,...,an,l)dt:n!/ dtl/ dt2~-~/ dt,,.
ag ao ay An—1

6. Shift invariance. gn(x +&ao+& a1 +&, ... an—1+&) = gn(T;00,a1,...,an-1).
7. Perturbation formula.

gn(l‘§a07---vam—laam+bm;am+17---van—l)
= gn(Z;00, .- Am—1, Qm, Qmt1y -5 An_1)
n
“{n Gn—m(@m + b Gy Gt 1, -+ o5 Q1) gm (2500, a1, -+ 5 Gm—1).

8. Sheffer relation.

n

n
gn(z+y;a0,...,Qn-1) = (i)gni(y; Aiyeooypot)T’
0

i=

In particular,
n

gn(T500,. .. apn_1) = <7;>gni((),ai,...,an1)xz
i=0
That is, coefficients of Gonc¢arov polynomials are constant terms of (shifted) Gonéarov polynomials.

9. Combinatorial representation. Let u = (u1,us, ... ) be a sequence of non-decreasing positive integers.
Recall that a u-parking function of length n is a sequence (x1, xo, . . ., x,) of non-negative integers whose
order statistics satisfy x(;) < u; for 1 <4 < n. Denote by PK,(u) the set of u-parking functions of
length n, and by PK,(u) the size of PX,,(u). Then we have

PK,(u) = PK,(ui,us, ..., un,)

(T3 — U1, T — ugy ..., T — Up)
(

g
gn(0; —u1, —ug, ..., —Up)
(-

1)"gn(0;u1,ug, ..., un).

For more properties and computations of parking functions via Gonc¢arov polynomials, please refer
o [10-12]. In particular, the sum enumerator and factorial moments of the sums are computed. For



Khare N et al. Sci China Math August 2014 Vol. 57 No.8 1565

u-parking functions, the sum enumerator is a specialization of g, (x;ag,a1,...,a,-1) with a; = 14 ¢
+---4¢q% 1. Generating functions for factorial moments of sums of u-parking functions are given in [10],
while the explicit formulas for the first and second factorial moments of sums of u-parking functions are
given in [11], and in [12] for all factorial moments for classical parking functions where the sequence u;
is an arithmetic progression.

3 Algebraic properties of bivariate Gonc¢arov polynomials

Sequences of multivariate biorthogonal polynomials can be defined by replacing the differential operator
D with partial derivatives. It turns out that we can define the multivariate Gon¢arov polynomials which
are the basis of solutions of the general Goncarov interpolation problem. Many algebraic and analytic
properties listed in the preceding section can be extended to the multivariate generalization. For simplicity
and clarity, we state and prove the results for the bivariate case only. It is routine to extend the results
to more variables.

In this paper N = {0,1,2,...} represents the set of all natural numbers.

Definition 1. A finite subset S of N? is called a lower set if for any (m,n) € S, we have that (i,j) € S
forany 0 <i<mand 0 < j<n.

Let Pgs be the space of bivariate polynomials

Ps = {P ' P(z,y) = Z aiﬁjxiyj, aij € R}. (3.1)

(i.5)€s

Some special cases of the lower set S are

1. §=10,1,...,m] x [0,1,...,n]. Then Pg is the space of bivariate polynomials of coordinate degree
(m,n). Tt is denoted by ITZ, ,

2. S={(4,7) |0 <i+j < n}. Then Pg is the space of bivariate polynomials of (total) degree n. It is
denoted by T12.

Bivariate Goncarov interpolation problem. Given a lower set S, a set of nodes {z; ; = (%;j, i ) |
(i,7) € S} and a set of real numbers {b; ; | (i,7) € S}, find a polynomial P € Pg satisfying

it
D0yl P(zij,Yi,5) = bi; (3.2)

for all (i,7) € S.

That the bivariate Gonc¢arov interpolation problem is uniquely solvable follows from the fact that
with the appropriate ordering of the monomials 'y’ and the corresponding order of the functionals
e((wij,vi,;))0" /0x0y?, the matrix of the linear system for the coefficients of the solution is an upper
diagonal matrix with non-zero entries on the diagonal. Here £((zo,¥0)) is evaluation at (zg,yo). An
appropriate order for both monomials and functionals is the faster scan order, i.e., (i,j) < (¢/,5') if
i+j<i+j,0ori+j=7+j andi <.

In particular, given (4, j) € S, there exist unique polynomials P; ; € Pgs satisfying

87"+s
Pi,j (xr,:% yr,s) = 57",1'63,3' (33)

oz Oy*
for all (r,s) € S. The uniqueness of the solution implies that
e P; ; is a linear combination of only those monomials Pyt with k <iand £ < 7, ie., P ;e H?’j.
e P, ; does not depend on S as long as (4,5) € S.
e P, ; does not depend on the node z; ; = (z; 5, Yi,;)-
In light of the above, we have
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Definition 2.  Given a set of nodes Z = {z;; = (zi;,vi;) | (i,7) € N2}, the bivariate Gonéarov
polynomial g; ;((x,y); Z) is the unique polynomial in Hf’j satisfying
arJrs
ng,j(zm) = ij10r.i 0.5 (3.4)
forall0 <r<iand 0 < s <j.

Note that g; ;j((x,vy); Z) depends only on the nodes {z., | 0 < r <4, 0 < s <4, (r,s) # (4,7)}
Nevertheless, for consistency we use the same (infinite) set Z throughout the paper.

Example 3.1.  Some examples of bivariate Gon¢arov polynomials.
1. Comparing the definitions of univariate and bivariate Gon¢arov polynomials, we have

gi0o((z,9); Z) = gi(x;20,0, 21,0, - - -, Ti-1,0),
90,;((x,9); Z) = 9;(4;%0,0, 0,15 - - - Y0,j—1),

where g; and g; are univariate Gon¢arov polynomials.
2. When the set of node Z is a grid, i.e., (2;;,yi,;) = (a4, §;) for some sequences {a;} and {f;}, then

g’i,j((xa y)? Z) = gl(xv QQy - .ey 041‘71) gj(y;ﬂm ) ﬂjfl)

is the product of univariate Gon¢arov polynomials in variables z and y. In particular, when «; = o and
B; = B are constants, we have g; ;((z,9); Z) = (z — a)'(y — 8)? and the Gonéarov interpolation is just
the Taylor expansion at (z,y) = (o, 8). When z; and y; are arithmetic progressions, ¢; ;((z,y); Z) is an
product of Abel polynomials in  and y respectively. Multivariate Gon¢arov polynomials associated to a
grid were studied in [4].

3. Using MATLAB, we obtain

911((3?, y); Z) =Y — Y10 — To1Y + Y10Zo0 + To1Yoo — TooYoo,

and

g21((2,9); Z2) = 2%y — 2x12y + (201211 — 22,)Y — Y202>

+ (2211910 + 2Y20T10 — 2210Y10)T — LYoo + 2T11T00Y00

2 2
— 2201711Y00 + T51Y00 + Y20T50 + 2T10Y10T00 — 2T11Y10%T00 — 2Y20T10L00-

Many properties of the univariate Goncarov polynomials can be extended to the multivariable gener-

alizations.
Theorem 3.2 (Expansion formula).  For any p € 117, ,,,
0 =33 o et pospte)]| g0 (2:00:2) 9
)| 9i,5((2,9); Z). 3.5
| 2t
=0 j=0 Z] ay]

Proof. This follows immediately from the biorthogonality of the functionals and the definition of bivari-
ate Goncarov polynomials. O

For p(z,y) = ™y, we obtain the linear recursion

Theorem 3.3 (Linear recursion).
m n
=33 (M) (%) s o 20 (3:6)
1=0 j=0
Theorem 3.4 (Appell relation).
gMeTm,ns $NeYm,nt

= 3 gl 2) (37)

m=0n=0
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Proof.  We use, for any u, ;,

53 i = 3 Y s and Y ()t = 55 dar = e
m!\ i i! 7! 1!
m=0 =0 i=0 m=1i m=q r=0
to obtain
X X mm o, nen
soHty _ x™ms™ y"t
ST =D D T
m=0n=0
=S5 (7 ) () et 2)
— < ! '\J
m=0n=0 :=0 j=0
A= 1 /m\ 1 [n
_ m—i _m, N—jin .
=S Y Y (M) () (w2
1=0 m=1 j=0 n=j
- OQ1mm_zmoolnn_jn
=22 9@y 2) 3 (et s o ol vt
1=0 5=0 m=i ' n=j J
oo 0 i
st
— Z Zgi j(( ); )?Tex,n,nﬁym,nt.
=0 j=0 "
The proof is complete. O

Next, we derive the differential and integral relations for bivariate Gon¢arov polynomials. For the set
Z ={z;|i,j €N} let LZ ={w;; | wij = zi+14, 4,j € N}, L.e., the first column of the set of nodes is
deleted and the others are moved to the left. Similarly define the set DZ as {w; ; | wi,; = 2 j41, @, J € N},
in which the first row of nodes of Z is deleted and the others are moved down. Then we have

Theorem 3.5 (Differential relations).

L gmn(,): 7) = g1 ,0((2,9); L), (39

8—ygm7n((x, Y); Z) = ngmn-1((,y); DZ). (3.9)
Proof.  We prove the first relation only. Let h(z,y) = %gm}n((x,y); Z). Then h is a polynomial in

H?nfl’n. From the definition of g, »((x,y); Z), h satisfies the interpolation conditions

8r+s 87"+1+s
aTaySh(Zr-i-l,s) = ng,,n(zr-i-l,s) =0

for0<r<m-—1,0<s<nand (r,s) # (m—1,n).
For (r,s) = (m — 1,n),

amflJrn
mh(zmn) =mln! = m(m — 1)Inl,
which are the same conditions that mgm—1.,((z,y); LZ) satisfies. Since the interpolation is unique,
h(z,y) = mgm-1,n((2,y); LZ). O

Corollary 3.6.  The general differential formula is

giti L
aTangm,n((xvy); Z) = (m)i(n)j gm—in—j (v, y); D' L' Z), (3.10)
where for any number r, (r)y =r(r—1)---(r — k+ 1) is the k-th lower factorial of r. O

Theorem 3.7 (Integral relations). Let m > 1 and

Gonn((@9); LZ) =m / " gmin((t): LZ)dt,
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where fx gm—1,n((t,y); LZ)dt is that indefinite integral with respect to © of gm—1,n((2,v); LZm n) which
contains no constant term, i.e., no term of the form h(y).
Also, let P, (y) be the solution of the univariate Goncarov interpolation problem

&’ o7
E(yo,j)wpn(y) = €($0,j7y0,j)8—ijm,n(($, y); LZ)
for j=0,...,n. Then
Imn(2,9); Z) = Grn((2,y); LZ) — Po(y). (3.11)

Similarly, if n > 1 and
y
Honnl(2,0)3L2) =1 [ gmnesl(@,5):DZ) ds

and Qu(x) is the solution of the univariate Goncarov interpolation problem

d’ ot
E(fﬂi,o)@Qm(x) = e(®i,o, yz‘,o)%Hm,n((x, y); DZ)

fori=0,...,m, then
Imn(2,Y); Z) = Himn((2,9); DZ) — Qum(). (3.12)

Proof.  Again we only prove Formula (3.11). From the differential relations we have

0
5 Imn(2,9); Z) = mgm-1,n((2,y); LZ).
x
From the definition of G, »((x,y); LZ),

0
55 Cmn((@,9); L2) = mgm—1,n((2,); LZ).
Thus the difference G n((2,9); LZm.n) — gmn((%,Y); Zm n) is a function of y, actually a polynomial
R, (y) of degree at most n in y. For R, (y),

&’ o7

E(yO,j)WRn(y) = &(20,5, yO,j)a_ijmm((xvy); LZ).

From the differential relation, the interpolation conditions are satisfied for all nodes (x;;,y;;) with ¢ > 1.
Subtracting R,, forces the interpolation conditions to be satisfied for ¢ = 0. O

Theorem 3.8 (Shift invariance).  Let E® be the shift operator (E®f)(z) = f(z — a). Since shifts of a
function commute with derivatives and since (E®f)(x + a) = f(x), we have a shift invariance formula

Ima((T+ &Yy +0);Z+(61) = gmnl((2,9); Z). (3.13)

In particular,
Imn((0,0); Z = (2,9)) = gm.n((z,9); Z), (3.14)

where Z —(z,y) = {(zij —,yi; —y) | i,j € N}.
Theorem 3.9 (Perturbation formula).  Let us perturb the (io, jo)-th node of Z to be 2, . and denote
the new set of nodes by Z*. Then for (ig,jo) < (m,n),

% m n « . .
(0202 = 05 2) = () (1 ) msan e D D (002,
Proof.  Note that gm.n((z,y); Z) satisfies the same interpolation conditions as gm . ((z,y); Z*) except
at the (ig, jo)-th node, where

Hiotio

Bzt ayio I Fio i 4)
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might not be 0. Subtracting the polynomial
HioTio
8]}‘7;08ij

11

o —Gio.jo (2,); Z)

gmv"(zfmjo; Z)
from g, n((z,y); Z) yields a polynomial satisfying all of the conditions that g, . ((z,y); Z*) does. Using
the differential relations we obtain the perturbation formula. O

Theorem 3.10 (Sheffer relation).

Imn((z + b,y + 0); :i Y ( )(j)gm im—j((b,c); L'DI Z)x'y. (3.15)

i=0 j=

Proof.  Using the Taylor expansion about (b, ¢) and the differential relations
oiti

Ozt OyJ

[gm n((b, c); Z)]xiyj

M-
M:

1
gm,n((I—Fb,y—f—C);Z) —]

7

<.
I
Il

<

0y
L
J
”7) (”) Im—im—j((b,¢); L'DI Z)aiyy?

t J

(m)i(n)j gm—in—j((bc); LiDjZ)xiyj

.
Pﬂ:

~
Il

=]
<.
Il

=]

~
Il

=]
~
Il

=]

M-
-

we finish the proof. O

4 Coefficients of bivariate Goncarov polynomials

In this section we give an explicit formula and a combinatorial interpretation of the coefficients of bivariate
Goncarov polynomials. First we show that it suffices to consider only the constant terms.
Setting b = ¢ = 0 in the Sheffer relation (3.15), we get

Gmon(( :i . < )(J);;m im—j((0,0); L'DI Z)x'y7. (4.1)

i=0 j=
Hence the coefficients of bivariate Gonéarov polynomials are products of binomial coefficients and the
constant terms of (shifted) bivariate Goncéarov polynomials.

Example 4.1.  Some explicit formulas for g, ((0,0); Z).

91,1((0,0); Z) = 20,0¥1,0 + 0,1%0,0 — £0,0%0,0
92,1((0,0); Z) = = 49,0 + 221,1%0,050,0 — 220,171,1%0,0 + T 1Y,00
+ yz,oxao + 2x1,0Y1,00,0 — 2%1,1¥1,00,0 — 2¥2,071,0%0,0-
Let fim,» be the number of monomials in the constant term of g, »((x,y); Z), where we ignore the sign

and count multiplicity. For example, fi11 = 3 and f2; = 13. The initial values of f,, , are listed in the
following table, where the rows are indexed by m and columns are indexed by n.

(m,n) | 0 1 2 3 4 5
1 3 13 75 541
1 3 13 75 541
3 13 75 541
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We observe that f,, depends only on m + n. The sequence 1,1,3,13,75,541,... is the sequence
A000670 in the On-line Encyclopedia of Integer Sequences, which counts the number of preferential
arrangements, or ordered partitions of a set. Let S be a set with n elements. An ordered partition of S is
an ordered list (By, Ba, ..., By) of disjoint non-empty subsets of S such that BjUByU---UBy, = S. Write
an ordered partition by By/Bs/--/Bi. Let ay, be the number of ordered partitions of an n-element
set S. For example, ag = 13, where the ordered partitions of {1,2,3} are 123, 12/3, 13/2, 23/1, 1/23,
2/13,3/12,1/2/3,1/3/2,2/1/3,2/3/1, 3/1/2 and 3/2/1. The exponential generating function of a, is
well-known, for example, see [15, 3.15.10],

|
Zanmi 92 _ ez’

n>=0

Given an ordered partition m = By/By/--- /By, of S, for two elements i,j € S, we say that ¢ is of a
lower rank than j if i € By, j € By and s < t.
Let

Am,n = {a1)a2)' "7a/TI’L7b17b27" ;bn}

be a set consisting of m + n elements. For an ordered partition m of A,, ,, and any element ¢ € A, ,, let

o(c) = #{a; € Am.n | a; has a lower rank than c}, (4.2)
p(c) = #{b; € Apm n | b; has a lower rank than c}.

We have the following combinatorial interpretation of g, »((0,0); Z).
Theorem 4.2.

Imn((0,0): Zmn) = D (=D [T #o@iner T vowom) (44)

™ a;€Am.n bj€EAm n

where ™ ranges over all ordered partitions of Am. n, and |w| is the number of blocks in w. As a corollary,

fm,n = Om+4n-

Proof.  Denote by I'(m, n) the sum on the right-hand side of Equation (4.4). By convention, set I'(0,0) =
1. Equation (4.4) holds for (m,0), (0,n), which is proved in [10, Theorem 4.2].

In the linear recurrence (3.6), letting x = y = 0 and moving g, to the left-hand side of the equation,
we obtain

0052 == Y (7 (M)ary 0 0(0.05.2), (45)

(6,4)(m.m) J

We shall show that I'(m,n) satisfies the same recurrence relation. Let OP(i,7) be the set of all the
ordered partitions of the set A,, , where the last block By contains m — ¢ elements from {a,...,an}
and n — j elements from {by,...,b,}. Note that (i,j) # (m,n) since By, cannot be empty. There are
(T) (?) ways to choose elements of By. Let T = A,, », \ Bi. Hence the contribution of ordered partitions
in OP(i,7) to I'(m, n) can be computed as

m n —i n—i o
(=1)- (Z><>xmj YT D EDTTT #otan @ TT vowo.nmo:
J 7’ as€T b.eT

where 7' ranges over all ordered partitions of 7. Summing over all 4, j with 0 < ¢ < m, 0 < j < n and
(,7) # (m,n), and using an inductive argument on m + n, one proves that gm, ((0,0); Z) = I'(m,n). O

Example 4.3. The following table shows the correspondence between ordered partitions of the set
{a1,a2,b} and the monomials in g2,((0,0); Z).
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Ordered partition | Term in g21((0,0); Z)
aiaszb —$(2)70y0,0

araz /b x(2),0y2,0
ai/asb, az/arb 2%0,071,0Y1,0
a1b/az, azb/ay 2%0,0%0,071,1
b/aaz y0,0$(2)71
ai/az/b, az/ay/b —2x0,071,0Y2,0
ai/b/az, az/b/ay —220,0Y1,071,1
b/ai/az, b/az/ar —290,0T0,171,1

Corollary 4.4.  The bivariate Gonéarov polynomial gmn((x,y); Z) is homogeneous of degree (m,n),
i.e., viewed as a polynomial of x,y,x; ; and y; j, every term in the expansion of gmn((z,y); Z) has total
x-degree m and y-degree n.

This follows from Theorem 4.2 and Equation (4.1) given at the beginning of this section.

5 Polynomial g,,,1((x,y); Z) and integer sequences

The rest of the paper is devoted to the combinatorics theory of bivariate Gon¢arov polynomials. In
the case that Z is a grid, i.e., (z;,,%i;) = (a;,5;) for some sequences {o;} and {8;}, we have that
Gmn((2,9), Z) = gm(T; 00, - -« s &m—1)9n(Y; Bos - - -, Bn—1), which counts the number of pairs of sequences
(a,b), where @ = (ag,a1,...,am—1) satisfies 0 < a) < ¥ — oy, and b = (bo,b1,...,b,_1) satisfies
0< by <y—pFj,for0<i<m,0<j<n.

When Z is not a grid, gm. »((z,y); Z) also counts pairs of sequences with certain constraints on their
order statistics. In this section we describe the combinatorial representation of g, 1((z,y); Z) and
express gm,1((z,9);Z) in terms of u-parking functions. The combinatorial interpretation for general
gmn((x,y); Z) will be given in the next section.

Notation. Let Z,,, C Z be the set of nodes Z,,, , = {zi; = (®ij,¥:;) | 0 <i<m, 0<j<n}
Assume that x; j,y; ; are all positive integers, where x; ; > zy j and y; ; > vy j» whenever i < i < m
and j < j' < n. Let > 20,0 and y > yo,0 be two sufficiently large positive integers.

Set u;; =z —x,; and v, ; =y — y; ;. Hence u; ; < uy j and v;; < vy j» whenever ¢ < ¢/ < m and
!

JSJ s
Let S(m, n) be the set of pairs of integer sequences (a, b), where a = (ag,a1,...,am—1) is of length m
whose terms satisfy 0 < a; < z, and b = (bg, b1, . ..,bn—_1) is of lengths n whose terms satisfy 0 < b; < y.

Clearly |S(m,n)| = 2™y".
First we look at the combinatorial description of g, 1((x,y); Z) when m < 2. We would start with the
linear recurrence

m n

m, n m n —i n—j

"yt = ) (Z> (J>$m] iy 915 (@, y); Z). (5.1)
i=0 j=0

Example 5.1. The case m = n = 1. Equation (5.1) becomes

Y = 0,040,090,0((2,%); Z) + y1,091,0((2,9), Z) + 01901 ((z,¥); Z) + g11((2,); Z). (5.2)

The left-hand side of Equation (5.2) counts the set S(1,1), i.e., pairs of integers (a,b), where 0 < a < z
and 0 < b < y. The right-hand side has four terms:

1. 20,0%0,090,0 = Z0,0Y0,0- This counts the pairs such that a > up o and b > vg .

2. y1,091,0((x,y), Z). This counts the pairs such that a < ug but b > vy o.

3. 20,190,1((z,y); Z). This counts the pairs such that b < vg o but a > ug 1.
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4. g11((x,y); Z): Comparing the above three cases with S(1,1), we obtain that this term counts the
number of pairs (a, b) in the union of the two sets:
(1) a <wpp and b < wyyg,or (2) a<wup,; and b < vg.

Example 5.2.  The case m =2 and n = 1. Equation (5.1) becomes

2 2
2y = Z (?) ajiaiyi70gi70((x, y), Z) + Z (f) 37123191',1((377 y), Z). (5.3)
i=0 =0

The left-hand side of (5.3) counts number of pairs in §(2,1). The right-hand side has six terms:

1. yo,oxaogo,o = y0,0x370, which counts the pairs such that agy 2 0,0, a(1) 2 uo,0, and b > vg 0.

2. The term 2y; 071,091,0 counts the pairs such that agy < ug,o but a1y 2 u1,0, and b > vy 0.

3. The term y2 0g2,0 counts the pairs such that a( ) < uo0 and a(;)y <wui,, and b > va .

4. The term x%’lgoﬂ counts the pairs such that ag) > uo,1, a1y = uo,1, and b < vg o-

5. The term 2x1 1911 counts the union of pairs such that (1) ag)y < uo,0 but agy = u11, and b < vq,0;
or (2) aq) < uo,1 but a1y = u1,1, and b < vg o.

6. The last term is g21((z,y); Z). Combining the above, we derive that this term counts the number
of pairs in the union of the following three sets:

(a) agy < uo,0, a1y < u1,o and b < vop.

(b) aq) < uo,0, a1y < ui,1 and b < vy g.

(C) ao) < ug,1, a() < Ui and b < 0,0-

For general m, we have the following description for g, 1((z,v); Z).

Theorem 5.3.  The bivariate Goncarov polynomial gm. 1((x,y); Z) counts the number of pairs of non-

negative integer sequences ((ap,ai,...,an—1),b) which are in the union
m
U{((I, b) :b < V3,0, a c ’P’Cm(U,Q(), ey U—1,0, Ui 1y - - - 7um—1,1)}7 (54)
i=0

where w;; = ¢ — x;; and v ; = Y — Vi ;. Pquivalently, the set (5.4) can be expressed as the union of
disjoint sets A;, where

A, = {(a, b) | Vi—1,0 <b< V3,0, @ € ’P’Cm(uO’o, ey Ui 1,0y U Ty e ,um,l,l)} (55)

fori=0,1,...,m. Here by convention u_19=v_1,0 = 0.

Proof.  We prove by induction on m. For m = 1,2, Theorem 5.3 has been confirmed in Examples 5.1
and 5.2. Assume that the theorem holds for all positive integers less than m. We shall prove that it holds
for m as well.

Let S; = {((ao,a1,---,am-1),0) | 0 < a; <z, vi—10 < b <wo} fori=0,1,...,m+ 1, where by
convention v_j 9 = 0 and vy41 = y. Let gm 1((zy); Z) N'S; be the set of sequences ((ao, .- -, am-1),b) in
S; that are counted by gm,1((z,v); Z). We just need to show that g, 1((z,y); Z)NS; = A, for 0 <i < m,
where A; is given in (5.5), and gm. 1((z,9); Z) N Spmt1 = 0.

For any sequence a = (ag, a1, ..., amnm—1), compare its order statistics with ¢g,...,%,—1, where

‘= Uj.05 lfj < 1,
! Uj,1, lfj > 1.
Let k = k(a) be the maximum index such that
agy <ty, forl=0,1,....,k -1 (5.6)

It follows that a(,)y > t.. Then the sequence a can be decomposed into two subsequences, the first
containing x smallest terms and belonging to Py (to, ..., tx—1), and the second containing m — k largest
terms, each of which is in [t,, z). Hence the set S; is a disjoint union of m + 1 subsets S;(k), where

Si(k) ={(a;b) | k(a) =k, vi_10 <b<wp }, 1=0,1,...,m.
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The recurrence (5.1) with n = 1 becomes

Ui m i i m .
oy =3 (" )ati mona(). 2)+ Y ()t sl o). 2. 6.7)
i=0 1=0

We analyze the contribution of each term on the right-hand side of Equation (5.7) to the set S;. First,

gjao((x7 y)) Z) = PKJ (u0,07 o 7U'j—1,0)-

Hence the term
m m—j
(j )xj,o Y5,095,0((x, ), Zio) (5-8)

counts the pairs of sequences ((ag, a1, ...,am-1),b) such that

1.vj0 <b<y;

2. the first j order statistics of the sequence a form a subsequence in PK;(uo,0,---,%;j-1,0);

3. the largest m — j terms of the sequence a are in [u; o, z).
Comparing with the set S;, we notice that the term (5.8) counts the number of all sequences in the set
Si(j) if j < ¢. While j > 4, it does not count any sequence in S;. In particular, the sum of terms (5.8)
from j = 0,...,m already counts all the sequences in S,,,+1.

Next, we look at the term

(T) 27 g5al(@,9), ) (5.9)

for j < m. By inductive hypothesis, (5.9) counts the pairs of sequences (a,b) = ((ao,-..,an),b) such
that

1. The largest m — j terms of the sequence a are in [u; 1, ).

2. Let a’ be the subsequence of a consisting of the smallest j terms. Then (a’, b) belongs to the disjoint
union of

J
U {(a’; b) | Vk—1,0 <b< Vk,05 a € ’P’Cj(U()’o, ey Uk—1,05 Uk 1y - - - ,’U,jfl’l)}.
k=0

Comparing with the set S;, we notice that when j < 4, (5.9) counts nothing in S;; when i < j < m, it
counts all sequences in S;(j).

Excluding those sequences counted by (5.8) and (5.9) from the set S;, we obtain that g, 1((z,y); Z)
NS; = Si(m), which is exactly the set A; defined in (5.5). O

Since v; 0 — Vi—1,0 = Yi—1,0 — Yi,0, from (5.5) we get the following relation between gm, 1((2,y); Zm,1)
and the univariate Goné¢arov polynomials g, ().
Corollary 5.4.

m

Im1((z,y); Z) = Z(yi—l,o = ¥i,0)9m (T3 20,05 - - -, Ti=1,0,Ti,15 - - -, Tm—1,1),
i=0

where y_10 =y.

Using the shift invariance formula for univariate Gon¢arov polynomials and the combinatorial repre-
sentation by u-parking functions, we obtain the following corollary.

Corollary 5.5.

m

(=1)™gm,1((0,0); Z) = Z(yiq,o = Yi,0) PE (20,05 - -+ Tim1,0, Ti1s - -+ Tm—1,1),
i=0

where y_1,0 = 0.
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6 Polynomial g, ».((x,y); Z) and 2-dimensional parking function

For general m, n the bivariate Goncarov polynomial g, »((x,¥y); Z) can also be interpreted as the number
of pairs of sequences (a,b) in S(m,n) whose order statistics satisfy certain constraints. In this section
we give the description for general cases, which leads to a definition of 2-dimensional parking functions.

We adopt the notation defined in the previous section. In addition, let R,,, be the directed graph
whose vertices are all the lattice points {(z,5) : 0 < ¢ < m, 0 < j < n}, and whose edges are all the
North and East unit steps connecting the vertices, where the North step is N = (0, 1) and the East step
is E = (1,0). Associate to each edge e of R,,,, a weight wt(e) by letting

wt(e) =

{ u;j, if eis an E-step from (Z,7) to (¢ + 1,7), (6.1)

v;j, if e is an N-step from (i, 7) to (4,5 + 1).

For a lattice path P from the origin O = (0,0) to the point A = (m,n) in R,, , consisting of N- and
E-steps, record the steps of P as P = p1pa - * Pmyn, where p; € {N, E} and there are exactly m E-steps
and n N-steps. Given a pair of sequences (a,b) € S(m,n), we say that the order statistics of (a,b) are
bounded by the path P with respect to the set U = {(u;,;,vi,;) : 0 < i< m, 0<j < n}if and only if the
order statistics of a are bounded by the weight on the E-steps, and the order statistics of b are bounded
by the weight on the N-steps of P. In other words, for r =1,2,....,m+mn,

{ agy < ugj, if pr is an E-step from (i, j) to (i + 1, ), 6.2)

by <wvij, if pris an N-step from (7,7) to (4,7 + 1).
Denote by Sy n(P;U) the subset of S(m,n) consisting of the pairs of sequences (a,b) whose order
statistics are bounded by P with respect to U. Our main result is the following theorem.

Theorem 6.1.  The bivariate Goncarov polynomial gm n((x,y); Z) counts the number of pairs of se-
quences in S(m,n) whose order statistics are bounded by some lattice path from O to A = (m,n). That
18, gm.n((z,y); Z) is the cardinality of the union

U Sma(P;U),

P:O—A
where P ranges over all lattice paths from O to A using N - and E-steps only, and the set U = {(u; j,v; ;) :
0<i<m, 0<j<n}is determined by Z by the relations w; j =« — ®ij, Vij =Y — Yi -
We explain Theorem 6.1 using the example with m =n = 2.

Example 6.2. Similar to the examples in the previous subsection, one can compute by hand that
g2.2((x,y); Z) counts the number of pairs of sequences ((ao,a1); (bo,b1)) in the union of the six sets
described by the conditions listed below:

Subset a(o) a(1) b(O) b(l)

Subset 1 | <ugo <wuio | <v2o <v21
Subset 2 | <wupo <wui; | <vip <wv21
Subset 3 | <wupo <uie | <vig <vin
Subset 4 | <wup1 <wuiy | <wvgo < vz
Subset 5 | <wup1 <wui2 | <wvgo <vin

Subset 6 | < ug2 <ur2 | <voo <o,

The graph D5 5 is shown in Figure 1, where the label on each edge is the corresponding bound of the
order statistic.

There are six lattice paths from O to A in Dj o, as illustrated in Figure 2. The i-th subset listed in
the above table is exactly Sz o(F;; U) where P; is the i-th lattice path in Figure 2.
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uQ.2 wo A
V0,1 1,1 V2,1
uQ,] Ul
V0,0 1,0 V2,0
uQ U190

@)

Figure 1 The graph D> 2

Figure 2 Lattice paths in D2 2

Again if u; j = u; and v; j = vj, i.e., Zy 2 is a grid, then all six sets are identical, which is
{((a0, a1); (bo, b1)) : aqy < uo,aqy < ui; by < vo,bay < vi},

and is counted by the product of univariate Gonéarov polynomials g2 (z; zo,0, %1,0)92(¥; 0,0, Y0,1)- O
Proof of Theorem 6.1.  For any pair of sequences ¢ = (a,b) € S(m,n), construct a subgraph G(c) of
Dy, », as follows:
e O =(0,0) is a vertex of G(c).
e For any vertex (4, j) of G(c),
— If ag;y <y, then add the vertex (i + 1,5) and the E-step {(i,j), (i +1,5)} to G(c).
— If b(jy < v; 5, then add the vertex (i,j 4+ 1) and the N-step {(i,j), (i,5 4+ 1)} to G(c).
Clearly G(c) is a connected graph containing the origin.

Lemma 6.3.  If the edges ex = {(i,7),(i + 1,5)} and e2 = {(i,4), (4,5 + 1)} are both in G(c), then
edges es ={(i+1,5),(i+1,j+1)} andes ={(i,5+1),(i + 1,7 + 1)} are also in G(c).

Proof. The edge e; is in G(c) means that the lattice point (i + 1,5) is in G(c) and a(;y < u; ;. The
edge ez is in G(c) means that the lattice point (i, + 1) is in G(c) and b(;y < v; ;. Since u;; < wij11
and v;; < viq1,5, we have agy < i 41 and by < vip1;. By the definition of G(c), the lattice point
(1+1,541) and edges e3 and ey are in G(c). O

Order the lattice points of Z? by letting (i, j) < (i', ) if and only if i < i’ and j < j'.
Lemma 6.4.  The set of vertices of G(c) has a unique mazximal vertex under the order <.

Proof.  First the vertex set of G(¢) is non-empty since it always contains O. Assume (i, j) is a maximal
vertex, i.e., there is no other vertex (i, ') # (4,7) in G(¢) such that ¢’ > i and j' > j. This implies that
agy = uij and by = v; j. Therefore agy > uix for all 0 <k < j, and bjy > vy ; for all 0 <1 < j. By the
definition of G(c), none of the E-edges connecting (i, k) to (¢ + 1, k), or the N-edges connecting (I, j) to
(I,7+1)is in G(c). Thus any vertex of G(c), being connected to O, must be less than (i, j) under <. O

Denote by v(e) the unique maximal vertex of G(c) under <. Partition the set S(m,n) by v(e). ie.,
let K n(4,5) € S(m,n) be the set

Kmn(i,j) = {e=(a,b) € S(m,n) : v(e) = (i,5)}-
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Then S(m, n) is the disjoint union of K, ,(¢,7) for 0 <4 < m and 0 < j < n. Comparing the definitions,
one notes that the set K, ,(m,n) is exactly the union

Spn(P;U),
P:O—A

where P ranges over all lattice paths from O to A using N- and E-steps only.

Let kpn(2,7) = | Kmn(i, 7). By convention let ko (0, 0) = 1. We shall prove ky, »,(m,n) = gm.n((z, y);
Zm.n) by showing that they both satisfy the linear recurrence (3.6).

Consider the set Ky, (i,7). A pair ¢ = (a,b) € K, (4, j) means there exists a lattice path P’ from
(0,0) to (4,74) such that

1. the first ¢ order statistics of @ and the first 7 order statistics of b are bounded by P’ with respect
to U. Let a’ be the subsequence of a consisting of the lowest ¢ terms, and b’ be the subsequence of b
consisting of the lowest j terms. Then the pair (a’,b’) is in K; ;(4, j). Such pairs are counted by k; ;(¢, j).

2. For the sequence a, the largest m — ¢ terms all take values in the interval [u; ;, z).

3. For the sequence b, the largest n — j terms all take values in the interval [v; ;,y).

Hence
PR m n .. —1 —7 m n m— i, n— ..
fmin6:9) = <z> <j>ki7j(%‘7)($ —ui )"y — i) = <z) (J) v k)
Thus
m n m n
<1800 = 55kt = 3555 (1) (5t o
i=0 j=0 =0 j=
Comparing the initial values kg ,0(0,0) =1 = go,0((z,y), Z), we obtain Theorem 6.1. O

Theorem 6.1 suggests a way to generalize the notion of parking function to higher-dimensions. Let us
state the two-dimensional definition.

Definition 3.  Given a set of nodes U = {(u;;,v;;) € N® : 4,5 € N} with the properties that
w;; < uyj and v;; < v;, ;0 whenever (4,7) < (¢,j'). A pair (a,b) of sequences of length (m,n) is a
2-dimensional U-parking function if and only if its order statistics are bounded by some lattice paths
from (0,0) to (m,n) with respect to U.

Similarly one can define k-dimensional U-parking functions with respect to a set of nodes U =
{Ziy,....i,, € NF . i; € N} as k-tuples of sequences of length (n1,...,ny) whose order statistics are bounded
by some lattice paths from the origin to (ni,...,nx) with respect to U. To justify this definition, note
that in the case of k = 1, there is a unique lattice path along the z-axis from 0 to n, hence the integer
sequences defined are exactly those whose order statistics are bounded by the given set of nodes. It agrees
with the existing notion of w-parking functions.

Let PIC%%?”(U) be the subset of S(m,n) which consists of all 2-dimensional U-parking functions, and

PK,(HQ)n(U) the size of ’PIC&,QL?,L(U). Then Theorem 6.1 can be restated as

PKnn(U) = gman((2,9); Z) = gmn((2,y); (x,y) = U).

Using the shift invariance formula and the homogeneity of bivariate Gon¢arov polynomials, we obtain
the following theorem.

Theorem 6.5.
PKr(n2,)n(U) = gm,n((xvy); (J), y) - U) = gm,n((oa 0); _U) = (_1)m+ngm,n((0a 0); U) (63)

By Theorem 6.5 any result on bivariate Goncarov polynomials yields automatically a result of 2-
dimensional parking functions. For example, again using the homogeneity of Goncarov polynomials we
have
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Corollary 6.6.
PES), ({(auij,bviy) 2 i,j € N}) = a™0" PKS), ({(uij, vij) : 4,5 € N}).

Remark. Recall an equivalent definition for u-parking functions: a sequence (a1, ..., ay) is a u-parking
function if and only if there is a permutation o of length n such that a,(;; < u;. Using this definition
we get an interesting relation between 2-dimensional parking functions and the one-dimensional ones.
Assume that u; ; = v; j = a4, for some sequence {a;}. By definition, a pair (a,b) of length (m,n) is
a 2-dimensional U-parking function if and only if there is a rearrangement of the terms a; and b; such

that it is term-wise bounded by ag, a1, ..., min—1, i-€.,
PK) ({(wij,vig) s i =vij = dip;}) = PKpn(Qo, .- Gmgn—1).

In particular, when o = 1 + k, the number of 2-dimensional U-parking functions is given by a Cayley
number

PK,(,%})n({(ui,j,vi,j) DU =0 =14+14+j}) =PKnin(1,2,...,m+n)=(1+m+ n)mtnL
When «f = a + bk, we have the Abel evaluation

PKT(,??n({(ui7j, Vi) Uiy =0 =a+bli+j)}) =PKpin(a,a+b,a+2b,...,a+ (m+n—1)b)
=a(a+ (m+n)b)™tn=1,
In general, when w; ; = a1 + b7 4+ 15 and v; ; = az + ba? + c2j we obtain a 2-dimensional analog of Abel
polynomials. Combinatorial identities associated with such polynomials will be discussed in an upcoming
paper [6].
As a conclusion, we present an explicit formula for the sum-enumerator of 2-dimensional U-parking

functions, which may be viewed as a g-analog of PKr(,%)n(U) More precisely, for any pair of sequences
m—1 n—1
¢ = (a,b) € S(m,n), let sum(c) = (p=izo ). (¢2=i=0 %), Then

= X sme=33 (¥ am), (6.4

ceS(m,n) 1=0 j=0 *c€Km, n(ij)

where [z], is the p-integer defined by [z], =1+p+---+p* ! = 11:”;. Similar definition holds for [y],.
Using the decomposition described in the proof of Theorem 6.1 and analyzing the sum enumerator of

the set K, n(i,7), we obtain

> sune) = () (M) el "y~ gl Y s (69

- ) j N
c€Kpm n(i,7) et )
Notice that . } - y
p—=p qUi —q
[x];ﬂ - [ui,j]p = ﬁv [y]q - [Ui,j]q = Tq
Therefore
m.on m n puw _pgc m—i q”i,j _ qy n—j
[ [v]g = ZZ (z ) <j> (ﬁ) (ﬁ) Z sum(c). (6.6)
B ce K, (i.0)

Comparing Equations (6.6) and (3.6), and using the shift invariance formula (3.13) and the homogene-

1 1 phii qvii ..
— 9m,n 7 | ) 11, N
Z sum(e) = g, (<1—p 1—q> {<1—p 1—q> h e }>

c€Kpy n(m,n)
1

= 1—pm1- q)ngm7" (L1);ZU)p.g) (6.7)

where Z(U)p,q = {240, 4] = (p*9,¢"9) : i,j € N}. This is summarized in the following theorem,
which generalizes the formula for the sum enumerators of parking functions [10, Theorem 6.2].

ity, we have
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Theorem 6.7.

m—1 n—1p. 1
Z pzl:o @i q23=0 b = (1 — )m(l _ )n gm,n((la 1); Z(U)[ZMJ])'
cePKP, (U) b ¢
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